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« Single particle distribution function in phase space f(¢t, x,p)

3 43 particle number in phase
f(t,x. p)d xd’p space volume d3xd3p

« The evolution of f(t, x,p) is given by the classical Boltzmann
equation

d 4

C[f] = /1 y dUvopa (f1f2 — [pfa)

Classical feature: x and p of the particle can be determined at
the same time !
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* Wigner function as quantum phase space
distribtion [Wigner, 1932]

Planck constant!
1 0 _
W(x;p)=2—n_hf dyelpy/%(x-l'%)lll(x—%)

- HEEEEN. ASHEEEN, EAR RS
MR 2% 8 534 i) B L |

. ISR BT %, BTEE, BTk, g SiJone faul lidner
FREHHETHRE, LEROBT. LHENR

B
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1946-1949, phase space representation of QM, [Groenewold
(1946); Moyal (1949)]

1952, Bohm’s particle representation with quantum potential
as an alternative approach to QM in phase space [Bohm (1952)]

Coherence and polarization of optical fields [Mandel and Wolf
(1965)]

Quantum effects in electron transport [lafrate, Grubin, Ferry
(1982); Barker and Murray (1983)]

Elementary pattern recognition [Kumar and Carroll (1984)]

Transport in resonant tunneling devices [Ravaioli, et al. (1985);
Frensley (1987); Kluksdahl, et al. (1989)]

Quantum optics: wave-packet spread, coherent states and
squeezed states of light [Kim and Wigner (1990)]
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Chemistry: dynamics of tunneling, resonance, and dissipation
in the transport across/through a barrier, and decoherence
[Tanimura and Mukamel (1994); Na and Wyatt (2003)]

Wave propagation through media [Mazar (1998); Jian and Chen
(1999)]

Quantum dissipation, mathematical basis of the time-
independent Wigner functions [Kohen, Marston and Tannor
(1997); Curtright, Fairlie and Zachos (1998)]

Quantum entanglement in quantum information [many authors,
2009-now]

WF as a bridge connecting classical and quantum world

For a recent review, see e.g., Weinbub and Ferry, Appl. Phys.
Rev. 5, 041104 (2018)
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Y ngeinZ (1983), fEFH PhREWFHEFH T B NUREE T4 Rz E S

VoLuME 51, NUMBER 5 PHYSICAL REVIEW LETTERS 1 AuGust 1983

Kinetic Theory for Plasmas with Non-Abelian Interactions

Ulrich Heinz
Institut fiiv Theovetische Physik dev Johann Wolfgang Goethe -Universitit,

D-6000 Frankfurt-am-Main 11, Wesl Germany
(Received 21 April 1983)

- Elze-Gyulassy-Vasak (1986), i#id thBEWF# S H T & w YR Kz

Nuclear Physics B
Sl . Volume 276, Issues 3—4, 20 October 1986, Pages 706-728

£ AN
ELSEVIER

Transport equations for the QCD
quark Wigner operator

H.-Th. Elze, M. Gyulassy, D. Vasak
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- Vasak-Gyulassy-Elze (1987), &3 T [ Nl /R&EE FHEKE FhiaE
W, E—KIRH T PhERWFKICliffords)-#&

ANNALS OF PHYSICS 173, 462492 (1987)

Quantum Transport Theory for Abelian Plasmas*
DAvVID VasaK, MIKLOS GYULASSY, AND HANs-THOMAS ELZE

Nuclear Science Division, Lawrence Berkeley Laboratory,
University of California, Berkeley, California 94720

- Bialynicki-Birula-Gornicki-Rafelski (1991), & T & WF

PHYSICAL REVIEW D VOLUME 44, NUMBER 6 15 SEPTEMBER 1991

Phase-space structure of the Dirac vacuum
Iwo Bialynicki-Birula,* Pawel Gérnicki,* and Johann Rafelski

Department of Physics, University of Arizona, Tucson, Arizona 85721
(Received 1 April 1991)

Wap(r,p,t) = -1 / d®s exp(—ip - )

(s

o). ®

1/2
exp (—ie/ dis- A(x 4 As,t)) [¥olr+s/2,1), \IlL(r —s/2,1)]
—1/2
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 Zhuang-Heinz (1996), i3 & WFHF R 7 QEDE B F A E Tz

ANNALS OF PHYSICS 245, 311-338 (1996)
ARTICLE NoO. 0011

Relativistic Quantum Transport Theory for Electrodynamics™
P. Znuanc® anp U. HEINZ

Institut fiir Theoretische Physik, Universitit Regensburg, D-93040 Regensburg, Germany

- H2012PIRKIBHT & E: CME + CVE + GPE + ...

USTC, Tsinghua-U, Fudan-U, Sun-Yat-Sen-U, Academia-Sinica (Taiwan),
Shandong-U, CCNU, Goethe-U-Frankfurt, Florence-U, Jagiellonian-U, ....

+ WRERNEH/SH

Gao-Liang-Wang, Int. J. Mod. Phys. A (2021)
Hidaka-Pu-Wang-Yang, Prog. Part. Nucl. Phys. 127 (2022) 103989

—
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« QM in dim-1: particle 1 (x1,p1) and particle 2 (x,,p,)

[xll pl] = ih ’ [xz, pZ] — ih! any others =0

* Onecanusex = (x;+x3)/2andp =p,; —p, as
independent phase space variables. The CM position and
relative momentum are commutable

[x,p] =0
 One can verify: p is conjugateto y = x; — x,

y y 1
X1P1 + X2P2 = (x + E) P11+ (x — E) p2 = x(p1 +p2) + EJ’P

Wigner function W(x, p) is well-defined

11
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« Schroedinger equation

e, h?
fhallf(t,x) = HV(t,x), H= —ﬁv + V(x)
« Definition of Wigner function through wave function

1
W(t,x,p) = CEDE /d3ye U (r,x+%)lv(t,x—%)

* Properties of Wigner function: W*(t,x,p) = W(t, x,p) (real)

p = U(t,x)V(t,x) = /d3pW(t,x,p) probability density
- /

?'ﬁ’ * * 3 P
J — | U(t,x)VU*(t,x) — U*(t,x)VU(t,x) ) = [ d pEW(t,x,p)

probability current density
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« Kinetic equation (no collisions or interaction) for the Wigner

function
velocity force
0 = %W(t: X, p) + % ) wa(t-; X, p)_[va(X)] . va(t? X, p)
/ M (-1 i
— _ _ /
Liouville or ngl (2) (2?1 4 1)1 (Vp Vx) V(X)W( y X, p)

kinetic equation

quantum effect at least of 0(h?)

* Wigner function satisfies the Liouville or kinetic equation at
classical limit2 =0

13
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« Lagrangian and Euler-Lagrange equation for complex scalar
fields in relativistic QFT

L = (0"9")(9u0) — m*oTo
(% + m*)p = (8> + m*)p! =0
 Current and energy-moment tensor

o= gl - )
T = Sel@ - )@ - )

thermal average

* Definition of Wigner function /
wen) = 2 [ e (9 (e 5o -5)

14
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« EOM: mass-shell and kinetic equations

quasi-on-shell (P2 —m?— %h28§,) W(x, p)

Vlasov eq. p-oW(x,p) = 0

|
o

 The leading order form of WF, and current and energy-
momentum tensor in leading order WF

particle anti-particle

W(m,’p) == 25(’{)2 - mg) [e(pﬂ)f(m~p) + 9(_1)0)?(:‘31 _p):|

gt = f d*pp" W (z,p) = / d3p%: [f(z.p) = f(z,p)]

U E— /d4pp”p"W(:r,p) = /dgpp;p” [f(l‘:P) +?($:P)]

15
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» Single particle distribution function in extended phase space
ftx,p,s)

f(t,z,p,s)d*zd*pd’s

particle number in extended phase
space volume drI' = d3xd3pd3s

« The evolution of f(t, x,p, s) is given by the classical Boltzmann
equation

0
_+£Vm+FVp+FsVs f(t,a:,p,s)zC[f]
o E,

Clf] = /124 dU12-pa (f1fa — fpfa)

Classical feature: x, p, s are independent classical variables, but
we know that s is entangled with p in relativistic quantum
theory (Dirac theory).

16

Qun Wang (E£##), Wigner functions: quantum theory in phase space



Pauli (non-relativistic) fermions (can be decomposed into Pauli
matrices)

o= (s ) = e (ulin) Wit )

Dirac (relativistic) fermions (can be decomposed into 16 Clifford
algebra generators)

) Wi Wi Wig Wiy
) Wor Was Wog  Waoy
)
)

1

3

[\]

U(t,x) = — Wi(x.p) =

W31 Waa Wiz Way (@, )

t
t
t
t Wi Wio Wiz Wy

8 8 8 8

(
(
(.
(t,

SRS
=~ W
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 Huge global orbital angular
momenta are produced

L ~ 10°h

« Very strong magnetic fields are
produced

B ~ m?2 ~ 10'® Gauss

« How do orbital angular momenta
be transferred to the matter in HIC?

« How is spin coupled to local
vorticity in the fluid?

Figure taken from
Becattini et al, 1610.02506
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Physical Review Letters

Highlights Recent Accepted Collections Authors Referees Press About Editorial Team  RSS 3\

Globally Polarized Quark-Gluon Plasma in Noncentral 4 [
+ A Collisions

) o Share v
Zuo-Tang_ Liang' and Xin-Nian Wang?'
Show more v
Phys. Rev. Lett. 94, 102301 - Published 14 March, Export Citation
2005 Erratum Phys. Rev. Lett. 96, 039901 (2006)
DOI: https://doi.org/10.1103/PhysRevLett.94.102301
617 citations
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& |
N Physics Letters B

ELSEVIER
Volume 629, Issue 1, 17 November 2005, Pages 20-26

Spin alignment of vector mesons in
non-central A + A collisions

Zuo-Tang Liang ¢, Xin-Nian Wang @ ® =

Show more v

292 citations
+ Add to Mendeley <& Share 99 Cite

https://doi.org/10.1016/j.physletb.2005.09.060 A Get rights and content 2
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STAR, Nature 548, 62 (2017)
T T T T T 1T ‘ T

9 Au+AU 20-50% parity-violating decay of hyperons
\; 81 : %:::z :Eg; 1 In case of A’s decay, daughter proton preferentially S
| 4 A PRC76 024915 (2007) | decays in the direction of A’s spin (opposite for anti-A) 1—5*
6 O A PRC76 024915 (2007) | P
LU (1+aP )
~ ) —_ — a * *
4 Pam Py O  4n A Pp =

2*%§$$$ |

11 1 1
10 10°
sy (GEV)
Beam-beam
counter b}
. B
= Py 6"
Beam-beam
A counter
Quark-gluon
plasma

Forward-going
beam fragment

a: N\ decay parameter (=0.642+0.013)

o —
Pa: A\ polarization -

pp": proton momgntur’n in A\ rest frame

-
-
-
-
-

Updated by BES Iil, PRL129, 131801 (2022)

A—p+nat
(BR: 63.9%, cT~7.9 cm)

w = (9 £ 1)x102%1/s, the largest angular
velocity that has ever been observed in
any system

Liang, Wang, PRL (2005)

Betz, Gyulassy, Torrieri, PRC (2007)
Becattini, Piccinini, Rizzo, PRC (2008)
Gao et al., PRC (2008)
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STAR, Nature 614, 244 (2023);

* o(y|<1.0and 1.2 <p; < 5.4 GeV c™)
o K0(y|<1.0and 1.0 <p; < 5.0 GeV c™)
—GY=464+073m?

0.35

0.40

T | T T T T I T

. &
Q£ -
0.30 — B
| o+ STAR (Aut+Au and 20-60% centrality)
0251= & ¢ ALICE (Pb+Pb and 10-50% centrality)
||I 1 1 ||||||I 1 | ||||||I | 1
101 102 108
1‘ S (GeV)

Implication of correlation or fluctuation
in polarization s and s-bar

fn ”
Py L
0" ‘ Nuclear
\' b & fragments
iy = // .
giu / » 4

i /7 oo‘?f
- / B (.?
P 5 '3

]
K*® meson g

v 4 ] Nuclear
& fragments 3
Px- yi=L)
Theory prediction:

Liang, Wang, PLB(2005);
Sheng, Oliva, QW, PRD(2020);
Sheng, Oliva, Liang, QW, Wang, PRL(2022).
. PA"’(Ps); P/_\“'(Ps">
,D(q,bo — §~(PSP§> # (PsN(Ps)~PpP3
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* Quark scatterings at small angle in static potential

at impact parameter x_T T 1 P
* Unpolariz n lariz r i
U ;o arized : d po: ed cross sections o« P P,
) ) 7
55 = 5 _:'_ —+ 55— = 4CT&§KD(,LL$T) -
d T d TrT d £ZT AO 1
dAo doy  do— (qr) = e
= = 50— — 5= 7 - (F7 X P) .
d?xT d*zr d)ﬂﬁy" — screening mas&
Spin quantization OAM Spin-orbit coupling p~Ty/as
direction

 Polarization for small angle scattering and m, > p, i

KD AFELs

Am2 ~  Eq

q

P, ~ —m Liang, Wang, PRL 94, 102301(2005)
 With initial polarization P;, the final polarization P,

) .
after one scatteringis p. _ p U — B )mpup ey A
9IS p,=p - 2E(E +m)— Prpup  PRC84,054910(2011)
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Py P,

i X\\

incident particles N outgoing particles
as plane waves RN as plane waves

Particle collisions as plane waves:
since there is no favored position for particles, so the OAM vanishing

do

@xp) =0 == (7)) _=(G), _,

26
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e
> 5 ke
S4A 'b is
nobo, cified
Vo—

SB

™
incident particles "Qq’/
as wave packets % outgoing particles

RY as plane wave

Particle collisions as wave packets: there is a transverse distance

between two wave packets (impact parameter) giving non-vanishing
OAM and then the polarization of one final particle

L=bXp, o) (Z_;)sl—T 7 (%)Sl=l
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For the quark-quark scattering of spin-momentum states

q1(P1,41) + q2(P2,43) = q1(P3,43) + q2(Py, A4)
where P; = (E;,p;) and 4; denote spin states, the difference cross
section (4 is specified)
Cq4e = 2/9 (color factor)

-
-
-
-
-
-
-
-
-

da;\gz% > M@ "(Q)(2m) 'S (P + Py~ Py~ Py)

fixed 4 Ad2Aa TSN
! sum over Tl Q=== -P
i (momentum transfer)

F=4\/(P, - P,)2 —m2m2 (flux factor) N

Integrate 1_54 and p%z =+ ,pz — q% ------------

to remove 6 (P; + P, — P3; — P,)

Eps P,

(2m)32F3 (2m)32F,4

28
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We obtain do,, for scattered quark with spin state 4;

Caq dz?T\
Mg imfa 1 ZHEN hN
for small a angle scattering, Jacob|an momentum transfer
only i = + is relevant in small angle scattering
Then we can introduce impact parameter x; = (x7, ¢) RS
¥ X
—
c d d? k — (L
dor, = T2 3 /d2?T/ 7T/ sexp i (Kr—Tr) ) M@ )M (1)
Moo ? sy N S e mmmmmmmol S AT )N (K 7
______ e |
= d?0,,/d*Xr ="

(E1 + E3)p3, (qr)|
If we integrate over JTET in whole space we obtain ‘/ Lo

00 d? o2
0'/13 = fO de fo d¢ dz_,3 E— Oor =0
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If we integrate over X in half-space we obtain ‘
— (p =0

f dxr fo d¢

The differential cross section for spin-independent and spin-

2
d 0'13

—O-T:/:o-l

dependent part

o d*A
d?ox, d?o )\ d*Ac Ao :/ dexT/ dngU
0
ETr EBrp  CETp o Ao
d?o 1 [ d?*o4 d°oy P o :/0 dwaT/O dqu
d? ;*T B 5 <d2?T dQ?T) N (CBT) ‘
d’Ac 1 [ d?o4 d°oy N
P2 (ﬁ— N ﬁ_) =1 (Er X PAF@r) A0
spin-orbit coupling 1 o

Gao, Chen, Deng, Liang, QW, et al, PRC 77, 044902 (2008)
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ch
i 5 Vepe
AN IR B O 2
__ Xa  Xp ...- X xﬁ{y-'
o~ —,
"~ U\ S
%
Lab Frame Center of Mass Frame

Gao, Liang, Pu, QW, Wang PRL (2012)
Zhang, Fang, QW, Wang, PRC (2019)
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PHYSICAL REVIEW D 83, 094017 (2011)

Consistent description of kinetic equation with triangle anomaly

Shi Pu, Jian-hua Gao, and Qun Wang

Interdisciplinary Center for Theoretical Study and Department of Modern Physics,

University of Science and Technology of China, Hefei 230026, China
(Received 24 October 2010; revised manuscript received 4 March 2011; published 13 May 2011)

We provide a consistent description of the kinetic equation with a triangle anomaly which is compatible
with the entropy principle of the second law of thermodynamics and the charge/energy-momentum
conservation equations. In general an anomalous source term is necessary to ensure that the equations for
the charge and energy-momentum conservation are satisfied and that the correction terms of distribution
functions are compatible to these equations. The constraining equations tfrom the entropy principle are
derived for the anomaly-induced leading order corrections to the particle distribution functions. The
correction terms can be determined for the minimum number of unknown coefficients in one charge and
two charge cases by solving the constraining equations.

DOI: 10.1103/PhysRevD.83.094017 PACS numbers: 12.38.Mh, 25.75.Nq

Our work is inspired by Son, Surowka, PRL (2009) [CVE and
CME unified in hydrodynamics based on entropy principle]
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II. CONSTRAINING DISTRIBUTION FUNCTION
WITH ANOMALY COMPATIBLE TO SECOND
LAW OF THERMODYNAMICS

In this and the next sections we will consider the most
simple case with one charge and one particle species
(without antiparticles). The relativistic Boltzmann equa-
tion for the on shell phase space distribution f(x, p) in a
background electromagnetic field £, = d,A, — 9,4, is

given by
9
(3 OFus ) m =drl )

where the charge of the particle is Q = = 1. Here p denotes
the on shell 4-momentum satisfying p> = m> where m is
the particle mass. We note that C[f] contains a normal
collision term Cp[f] and a source term from anomaly

Cal f1, CLf] = Colf] + Calf]- We assume that C4[ f] is at

most of the first order, a small quantity. The necessity for

the source term is to make the charge conservation equa-
tion hold:

9, j* = —CE*B, = —CE - B. (2)

Here j# is the charge current and E* = u,F*” and
B, =3€,,apu"F*F are electric and magnetic field vec-
tors, respectively, where u, is the fluid velocity and
€pvaf = —etvaB — —| 1 for the order of Lorentz indices
(nrvaB) is an even/odd permutation of (0123). However,
the presence of the source term should not influence the
energy-momentum conservation:

o, TH = F'j,. 3)

J.H. Gao, S. Pu, QW, Phys. Rev. D83, 094017 (2011)
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We assume that the distribution function f in presence of
an anomaly is a solution of the Boltzmann equation with
collision terms in Eq. (1), where 3, u,, and u are functions
of space-time. Generally f(x, p) can be written in the
following form:

1
e p=0m/THx(xp) — ,

= folx, p) + f1(x, p),

(6)

where f,(x, p) is given in Eq. (5) and f(x, p) is the first
order deviation from it:

fix p) = —folx, p)L1T + efolx, p)lx(x, p).  (7)

It is known that a magnetic field is closely related to a
charge rotation characterized by vorticity. So we introduce
into the distribution function terms associated with the
vorticity-induced current @, = 3€,,,zu"0%uP and the
magnetic field 4-vector B, which are assumed to be of
the first order, which provide a leading order correction to
the particle distribution function. For simplicity we will
neglect viscous and diffusive effects throughout the
paper, then the ordinary form in the current scheme for

x(x, p) reads

flx, p) =

x(x, p) = Alp)p - w + Ag(p)p - B, (8)

where A(p) and Ag(p) are functions of w, 7', and u - p and
have mass dimension —2 and —3, respectively. We will
show that A(p) and Ag(p) must depend on momentum
otherwise they will contradict the entropy principle from
the second law of thermodynamics.

J.H. Gao, S. Pu, QW,
Phys. Rev. D83, 094017 (2011)
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Using Eq. (6) we can decompose the charge and entropy
currents and the stress tensor into equilibrium values and
the leading order (first order) corrections as j* = j&' + ji,
St = S+ S and TH = T} + T1"” with

Joax) =0 f [dplp* fo(x, p),

SE(x) = — f [dplpH i fo),

9)
st = = [ldplo w' o).
51 (x) = f[dP]P‘“P”fo,l(x, P),
— 43 .
where we have defined [dp] =dgw(wp7 (d, is the

degeneracy factor), ¢ (f,) = foln(fy) — e(l + ef,) X
In(1 + efy) and ¢'(fo) = In[fo/(1 + efo)] = —(u-p —
Qu)/T. Inserting f, into the above formula, we obtain the
charge and entropy currents and the stress tensor in equi-
librium, JSL = nut, Sy = su* and T{’;’V = (e + P)utu” —
Pgt”, with the energy density &, the pressure P, the
particle number density n and the entropy density s =
(e + P —nu)/T. Using Egs. (7)-(9), we obtain

jt = gk + £4B-,
T =DT(uto” + u’w*) + DgT(whB” + u”B*),  (10)

St =~ Léwk + &B4) + (Dwk + DyB*)
where
1
£ = =074 =20 [Lapllp-uy = m?1fo1 + efo)A(p),

ép= _Qngs E%Qf[dp][(l"“)z _mz]fo(l +efo)Ag(p),

b I
T
_if[d 1(p- ) = m21(p-w)fo1 +ef)A(p)
=37 rl(p P 0 o)Alp),
38
S

=%f[dp][(p' u)* = m?J(p-u)fo(l +efo)Ap(p).
(11)

J.H. Gao, S. Pu, QW,
Phys. Rev. D83, 094017 (2011)
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On the other hand, &, &, D and Dp as functions
of w and T can be determined by the second law of

thermodynamics or the entropy principle together with
Egs. (2) and (3). We find that 9 ,(su* + S1) cannot be

positive definite unless we make a shift to introduce a new
entropy current S# as follows:

Sk =sut + St — (Dw* + DyB*)

= sut — %(fq}“ + &EgB*)

= %(PwM — it 4+ u,TM) — (Dw* + DgB*). (12)
We will use the thermodynamic relation
9, (Pur) = jia,p— Tyko ,u, (13)
and the identities
u”“u*r?“(u)\ = Eanw”“,
u“u“ﬁﬂBﬁ = B}I_B”' — Za)PEp,

(14)

M= —
Gﬂw

7 (nw*E, + w*d,P),

1
— _ A
9,B* = 2w"E, 5 (nByE + B3, P)

€

to evaluate 8#5”‘. We have used the shorthand notation

A = u/T in Eq. (13). Following the same procedure as in
Ref. [20], we obtain

- 2D
_ ss _
BMS”“—w“[f d i — 9,0+ +P8 P:|

Dy
+ Bﬂ[gssa —d,Dg +maﬂp]
+E- m[lgss ;2D 2DB]
T e +P
1 My , nDp
+E-B| =&+ C=+ ] 15
[TfB T €+P (15)
where we have defined
DTn DpTn
S5 _ _ ss _ B _
S A 3 =5 & (16)

J.H. Gao, S. Pu, QW,
Phys. Rev. D83, 094017 (2011)
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For the constraint d ﬂf“ = ( to hold, we impose that all

quantities inside the square brackets should vanish. We
finally obtain

1w 1 u?
D=-Cc2 D, =-CZ
3T 8= 0
B sT u? - sT
¢ = Ce—&-P’ &8 Ce-i—P'

Using Eqgs. (16) and (17), one can verify that the values of
£55 and &35 are identical to Ref. [20]. The difference
between our values in Eq. (17) and those in Ref. [20] arises
from the fact that we do not use the Landau frame, while
the authors of Ref. [20] do. By equating Eq. (11) and (17),
we obtain equations for A and Ag

J3, = —DT,

QJZI = 75! (18)
QI = ~&p I3 = —DyT.
Equation (18) forms a complete set of constraints for A and

Ag. We note that A and Az must depend on momentum in
general. If A and Az are constants, we would obtain

£ _ & _ I

= =_"_= , 19
DT DgT J3 (19)

which contradicts Eq. (17) from the entropy principle.

We can expand A(p) and Ag(p) in powers of u - p:

Ap) =Y A p)l. Ag(p) =D AP(u-p). (20)
i=0 i=0

So we obtain the following expressions:

Iy = Z/\ifwn,l, J:f = Z/\?J:‘-Fn,l: (21)
i=0 i=0

for n = 2, 3. Here the functions J, , are integrals defined in
Ref. [7,11]:

o 1 d3p . _
#Q‘(lﬁeq+nnf@m%wpﬂ” Py =

X (u - p)" =24 fo(1 + efy). (22)
Using Eqgs. (20) and (21) in Eq. (18), we can constrain the
coefficients A; and AP. If we expand both A(p) and Az(p)
to the first power of u - p, we can completely fix the

coefficients Ay, and A, from Eq. (18) since we have
two equations for Ay and two for AS

Ol Oz \(Ao)_ [ —¢

(131 Ja )(m) (—DT)’ )
J.H. Gao, S. Pu, QW,
Phys. Rev. D83, 094017 (2011)
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1.

XA TAEME A T AH 2216 A0 R (x, p) ML B 515, RS
CVE, CMEfIR I, HEESHEIZNHIAFEE _EEmSE, H
%Eﬁ%ﬁﬁﬁﬁ TEHEIERE, BRAIBRREEEE WSS (P
B 13E”).

ad—BrREE, RATFREISCHR[Vasak, Gyulassy, Elze,
Ann. Phys. 173, 462 (1987)], XE XCEMRHETREMI TER
B KTk R(QED plasma) i) ihZEWigner & £ gt =ik i B
#—IK 5|3 T WignerR $t IClifford 3. TRATRI IR KF
RERANT, FMEFKT, WignertR s & K5 RS A K fH
1, MNER165 BRI HIEBRES AN EFNEAFRKTRH M
RN, ERARE—H(REBBRERS). RITTEeENATSR
YR, RINEMITAEIRSE T CVE (LPE), CMEM K H M. X2
— KRB~ HFER K FIH T Wignerk 3. 4% CVE(LPE), CMEF!
RERN, NEELTIEFET —2%ER. [Gao, Liang, Pu, QW,
Wang, PRL (2012)]
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Berry Curvature and Four-Dimensional Monopoles in the
Relativistic Chiral Kinetic Equation, Chen, Pu, QW, Wang, PRL 110,
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. Kinetic theory for massive spin-1/2 particles from the Wigner-
function formalism, Weickgenannt, Sheng, Speranza, QW, Rischke,
PRD 100, 056018 (2019); Relativistic Quantum Kinetic Theory for
Massive Fermions and Spin Effects, Gao, Liang, PRD 100, 056021

(2019). F R E K T HIER AR B =BT R
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016029 (2021). BFIE/HBREE I B esh 2515
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Collisions, Weickgenannt, Speranza, Sheng, QW, Rischke, PRL 127,
052301 (2021); PRD 104, 016022 (2021); MWF#:S H&F Ik f5EmE3E DN
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 The Lagrangian for massless fermions in a background
electromagnetic (EM) field

/{R and y; : Pauli spinors
L = Piy - Dy = xfio,: DXn + x1i7 - DX

D'u = haﬂ + ZAp, w — (XL?XR)T ot = (1;0')7 ot = (17 —O’)

« Wigner function (2x2 matrix) for massless fermions in
background EM fields

For each chirality, a 2x2 Hermitian matrix W = w+
/ has 4 real vzriables
d*y ?
/ 1 EXP | P Y <X;§($2)Xa($1)> U(xo, 1)
(271') h ‘/

Gauge link as phase factor
(1 + x2) Yy=1I1 — T2 \

1
2 essemble average of
two-point Green function
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« EOM for Wigner functions Vasak-Gyulassy-Elze, Ann. Phys. 173, 462 (1987)
Gao-Liang-Pu-QW-Wang, PRL (2012)

o - (%iﬁv +H) W(x,p)=0

 where the operators A and II are defined as

Vi = 0, —Jjo(A)F,,(x)0,

p sin z
1, . —— Jo(2) = p
H“ = Pp— thl(A)FPW (x)ap spherical Bessel function
1
. Leading order O(ho) / A= 571893 -0, with a, acts only on F,(x)
Jj1(z) = i?(sinz — ZCOS 2)
z

1, = pyu

spherical Bessel function
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« Wigner function has left- and right-handed part

WR(£7P) — Eﬂj;; WL('I?p) — U#/p,_ fj: =Y, + I,

1 vector j \ axial vector

_ 1 _
f;j_ — iTr (O-#WR)B f,u, - §T1" (O'pWL) component component

« Master equations for right-handed and left-handed components
of Wigner functions

Vasak-Gyulassy-Elze (1987); Gao-Liang-Pu-QW-Wang (2012); ......
TT# jj (SE’, p) 0 mm==) 1x2 equation
VH jﬁf (;1;’ p) 0 E==)  1x2 equation

2 (1 72 11 Jl) = —hetPV, 77 ey 22

equations

Connecting higher to lower order Wigner functions
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- Leading (zeroth) order solution to the Wigner function at 0(7°)

(@, p) =0’ foy(x,p)d(p*)

 where the distribution function for chiral fermions

2
f(O) (xap) = (2 )3 {@(po)fFD(po - IUJS) + @(_pﬂ) [fFD(_pO + /J'S) - 1]}
s / / j
po="14-p fep(y) = :
fs = b+ SHs -~ exp(By) +1
* The zeroth order solution must satisfy Fermi-Dirac distribution
Killing equation
0 =V, j (%) ‘ \8950 + o8, = 0 ’;’ﬁﬁ:@raum
77 | J— condition
= 3PV, fo Oplt - Foe 57 =0

i = 0
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- Next-to-leading (first) order solution to Wigner function at 0(#')

S (nI11% /(2 Gao-Liang-Pu
j@) o] P)«f(o)5( %) + SF\pif(O)a (p7) -QW-Wang (2012)
4/1 — Q= D) (6,u/81/ — 0uBu) ﬁ,uu — le;u/pch
Q#u e,uupO'on_ 7 oo
2

* Next-to-next-to-leading (second) order solution to Wigner

function at 0(7?)
Yang-Gao-Liang-QW (2020)

S 1% a
1
= W (pﬂﬂfyﬁpﬁ —p Q’m) QY p/\f(o) (p*) —— vorticity-vorticity

1
oA (PuFypp” — P°Fyu) Q0 paf(0)6(p?) —— vorticity-field

2
+—

6 (puFysp” — P Fyy) F'paf0)d(p®) — field-field
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« The currents can be obtained by integrating out four-momenta

= I =gy i Ty

. . . . 9 .
= ji—-jl= Jg,(m + hfg,(l) +h J'g,(z)

| ”
js =/‘d4pgg;5(m!p) ‘ j“
)

 The charge (vector) currents are given by

chiral vortical effect

lp _ “
J = nu-,
.LU) / ______» chiral magnetic effect
Jay = W' +EsBY, Hattori, Yin (2016)
1
T Ko 2 2
j(g) — _E(E + w )H”—R(E‘E—FM'B)H#
C o 2 | B C e
~ 153 (E* + B )ul" — RE’“ Py Eywe — WE‘U P7u, E,B,
Yang-Gao-Liang-QW (2020) Hall term
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 The chiral charge currents are given by

Yang-Gao-Liang-QW (2020)

Js0) = nsut,

j;(l] = &wh + EpsBY, Ianomalous Hall termI

. C oo

o) = —a(E Wt — 5 (B 4 Bt — 5w, E, B,

Coefficients in the vector and axial vector currents
J* Js

n 33 (?T2T2 + ,u + 3p5) ns -{;—52 (?I‘QTQ + 3;52 + ,U%)
¢ pps & | gE |mT +3(p7 + )
B ps/(27%) 925 pn/(27%)
C I(Ci+Co) Cs I, —C)
C | —14(=2)p/T7, (5, <1) | C5 | —14¢(=2)ps/T7, (5 < 1)
C | w/W—p3), E,>1) | Cs | —ps/(w” —pd), (B, >1)
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« Wigner function for chiral fermions have 8 real independent variables,
since for each chirality it is a 2x2 Hermitian matrix that has 4 real

variables, but there are 16 equations

- Consistent ? .
16 entangled equations: 8 real variables:

8 (right) + 8 (left) (mmm—) | 4 (right) + 4 (left)

* In background EM fields, at any order of 1 or O(A"), for each chirality,
8 entangled equations for 4 variables can be reduced to one evolution
equation for a single distribution + one mass-shell equation

C.hira.l == | 1 evolution equation 1 equation for

Kinetic = |t ith s =R L + hell o

Equation or f.(x,p) with s =R, mass-shell condition
Redundancy removed! Gao-Liang-QW-Wang (2018)
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* The chiral (R, L) component of Wigner function

jﬂ:(a‘(j{h})

time component\ space

distribution component

 One can prove that at 0(A™) can be expressed in terms of time
parts at lower order O(#!) withi <n

IO =F [ 7 0 )]

space component time component at lower order
at 0(A™)

« One can also introduce a frame 4-vector n* (time-like, n* = 1) to
define the time and space parts in a covariant way
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 One can prove that the set of equations for covariant Wigner
functions lead to the on-shell CKE at 0(#)

0 = (1+hsQ, B)af(z.Eyp)
i 1

on-shell distribution function

+ |v + As(E x €2)) + hs
Ee 0 agpp

+|E+vxB+ hs(E - B)ﬂp] - Vpf(z, By, p)

E=E-V,E"

B:| ) me(:lf, Epa p)

; Berry curvature in
momentum space

From effective theory: Stephanov-Yin (2012), Son-Yamamoto (2012, 2013); Manuel-Torres-
Rincon (2014); Lin-Shukla (2019)

From covariant WF at O(h): Hidaka-Pu-Yang (2016); Gao-Liang-QW-Wang (2018); Huang-
Shi-Jiang-Liao-Zhuang (2018)

From covariant CKE: Chen-Pu-QW-Wang (2013); Gao-Pang-QW (2017)
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* Given f(x,p) for chiral fermions, how to construct a charge
current? A normal way is (for CVE)

d3 rt|cle\ anti- partlcle
. p P
s =R.L AE. — hP w spin-vorticity

2|p| coupling energy

hSﬁ/(dﬂp b (p-w) | fep(1 = fip) + fep(1 = fep))

fin = feo (|p| F 1)

 Where is the rest 2/3? = a puzzle. Need to get it back: it comes
from “magnetization” current.

Chen-Son-Stephanov-Yee-Yin (2014); Kharzeev-Stephanov-Yee (2017)
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The method to solve space part from the time part makes the

decomposition
S NO!
S = P 3 (n -y P! " fl0yd(0”) @ term
~3 ns, pp"e"‘“"’ 1,y Qox f(0)0 (P° )/ (b) term
_ _Eﬁﬁwp f{0)5(p2) m== Total result without
2 7

frame dependence

(a) and (b) terms give (puzzle solved!) Ir=(F nnt+ 7"

1 n* = (1,0,0,0)
jﬁw(a)ZE x CVE l’

5 Similar for CME ! A= (20 F)

Gao-Pang-QW, PRD (2019)
\4 "magnetization” current
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Motivation: a framework studying chiral and spin transport
under gravitational and non-inertial (e.g., rotational) forces

Same h expansion for Wigner function but with replacement
(horizontal lift of covariant derivative): 0, — D, =V, +T,p\0

The chiral kinetic equations:

+A 2‘“’)A = ﬁzw (VpFpu —p)\R"pW)ag] (f + f5) = col.

I/
nMF

§(p* F hF,p%2F) [p A+ ﬁ( -

The spin kinetic equations: /uw = V,F,,0 + Dy, D,
h

§(p? —m? :thgﬁFaﬂ){[ A, £ QZW:W (f £ fa) JrﬁquZW} = col.

pro 1 _uvpo
fap- A0 — FFY {40, + 0" (p- Afa _EGMVPUPJAU/_\ 5% = m?) = col SE = Lemrrg g,
2m p

00, =—-1  plo, =0 Liu-Gao-Mameda-Huang (2018-2020)
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* Wigner function (4x4 matrix) for massive fermions in
background EM fields Heinz, PRL 51, 351 (1983);

Vasak-Gyulassy-Elze, Ann. Phys. 173, 462 (1987)

Waale) = [ leexn (40-0) ($he2)ba(e0) Ulan, )

« Wigner function decomposition in 16 generators of Clifford
algebra

1 . !
W = Z [5\ + ?/7592 + ’V‘umj/;u - 7571“&{“ + §JMU'ZW]

scalar p-scalar vector axial-vector tensor

= [dprr, k= [atpar, T = [dtepry

Vasak-Gyulassy-Elze, Ann. Phys. 173, 462 (1987);
Elze-Gyulassy-Vasak, Nucl. Phys. B 276, 706(1986);
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« EOM for Wigner function Equations for K-V-mF =0,

components K-A+imP =0

(K =m)W(ap) =0 K + K8 = mV, =0,
\ 1 iK,P + %em,aﬁKVSQﬂ +mA, =0,
B TTH L BT
K 2t QZHV —iK|,V,) — €apK* AP —mS,, =0,
« Choose F and S* as independent components and solve EOM in
perturbation method based on 7 expansion

e Zero-th order solution VO (x. p) E(;_ﬁp;g(epo) OF (x. ep)

2

PO (x, p) =0, AV(xp) =0 S s0(ep®) 17 (x, ep)
0

VO (x. p) = pud(p? = m2)VO (. p). n® — _Zie'uuaﬁpvz(o)aﬁ
0 0 m

AL (x.p) = miy (x. p)o(p* = m?)AOx ). I
(0) ) 5 7 Weickgenannt-Sheng-

S (x, p) = mZu (x, p)8(p* — m*)A) (x, p), Speranza-QW-Rischke (2019)
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 First order solution

j_'-(l) —m |:V(l ( ) _ _F,u.vzﬂ ) (O}Sf(pZ _ m2)]

S(L) —mEVs(p2 —m2)=F, V 2
8 u* V(l) and
pi) — 1 eV, [p, 2 A0S(p? — m?)] fg,) are determined

p :
4 L] L] =
1 1 . by kinetic equations
V! =5(p? —m?) [pmw + va)vzﬁmw)l

|
_ |:§ p#F“ﬁZS;; + ZL%)Fvapa:| A(O]ét(pZ _ m2),

AV = malVs(p? - m?) + F,,p*v9s (p* —m?),

_(1) 1 Ve (1) Weickgenannt-Sheng-
M = =5 CuapP" % Speranza-QW-Rischke (2019)
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* Kinetic equation to O(h)

# _ V=V +avll 4 On?),
0 =6(p* —m?) [p VOV 4+ 1 (@Fﬁ”)apazﬁ} S = TOmAO 4 ZEOR 4 O(R?).

h _
—58(p? =m)FPp - VOZ; + O(R?),

_ . h
0 = 5(p? — m?) [p : V(OJ&I —F 2+ 5 (ame)aj;l]

= hd'(p> =m?)Fy,p - VOV + O(R?). -

Weickgenannt-Sheng- B 7 0)
Speranza-QW-Rischke (2019) PrEuLS(p? —m?) = 55(1?2 —-m?)V,'V + O(h?)

 One can also choose other components as independent ones,
ed. V, and A, , for WF of massive fermions

Gao-Liang (2019); Hattori-Hidaka-Yang (2019); Wang-Guo-Shi-Zhuang (2019)
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/

Spin Boltzmann
equation with local and
non-local collisions
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