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State-of-the-art nucleon-pair approximation to the nuclear shell model

C.Ma®.,! X. Yin®,! and Y. M. Zhao"->"
'Shanghai Key Laboratory of Particle Physics and Cosmology, School of Physics and Astronomy,
Shanghai Jiao Tong University, Shanghai 200240, China
2Collaborative Innovation Center of IFSA (CICIFSA), Shanghai Jiao Tong University, Shanghai 200240, China

M (Received 20 May 2023; revised 19 August 2023; accepted 28 August 2023; published 12 September 2023)

In this paper a state-of-the-art version of the nucleon-pair approximation to the nuclear shell model is
suggested. The configuration space is constructed by stepwise coupling collective nucleon pairs with given spin.
The one-body and two-body matrix elements, as well as the overlaps, are calculated in terms of the M-scheme
nucleon-basis states, without resorting to any angular momentum couplings. Many redundant commutations are
avoided by using the Wigner-Eckart theorem and an algorithm similar to the coefficients of fractional parentage
in the nuclear shell model calculations. Numerical experiments demonstrate the overwhelming computational
superiority in comparison to all previous approaches of nucleon-pair shell model, particularly for the shell
model Hamiltonian in the form of effective interactions. In addition, we exemplify this state-of-the-art version
of the nucleon-pair approximation by even-even rare-earth '**"'>2Nd isotopes, for which the model space is
constructed by using SDGI nucleon pairs, and the Hamiltonian is adopted as Vo, potential. Our calculation
of the nucleon-pair approximation is able to reproduce reasonably the low-lying energy states of those Nd
1sotopes, where the seniority-type, vibrational, transitional, and rotational modes are described on the same
footing, without adjusting any parameter.



BERHE R AE R T S SR AR

N
B2 5o {50 T B M A AP 5 ) R A A EL A Gapys = 4 3 229 o1 P TR R AL A
MEETAECTER (A ¢ Hrid) BIREREERER +96 Y Z [P((x’:x) q((le,;l)vé P;(;')p ol qg";')ya péllc)ﬁ
B k;I v (k) (k) (k)
(<I|0|(> = Z 0053)/5 gaﬁy& +12 kz—:l [sla Pgar — 823 paa’] ta’76 odd syst.
afys -
WEAERERTT: Oapys = (aB|O0|yd) bap = (Olagag [Tjur P 1) PiRTSEHI4 JF2 i

IR EEFERE: Japys = (('|a§§a5a5ay|y5> tgz?)y = (Olagagay [l P 1§) =R TEREIAIFEH
RN, HAA SRS a5 = (Olagagayas [1jwix P/ 1O) VR THEI4E 45
C. Ma, et al., Phys. Rev. C 108, 034308 (2023) q W ER AR T b A t, @ 2 E B R

BRI R AU X BAET RO ESNOZETREATE



Ja—
=
=)}

f—
—
S

1l CPU time ()

—
-
-

—_— d _—
S = =
(¥ = ™~

EAE T, BSREE é%%

10°

107

1072

[ T 1] ] T 1 ‘
(a) Phe. Int. A
- . -
A
i o -
o
i 2 )
®m JNPA
- . ® M-NPA
o A This work
. T | T 1 ‘ I
[ (b) Eff. Int. A |
o
o B |
® A
A
- ’ | I | m JNPA |
® M-NPA
- & 2023FE M HH; 5-6NEH This work |

1

2

3 4 5 6
Pair number



EXFE#RDRFP , ‘EXENZHETKIDESLS ?

PHYSICAL REVIEW C 110, 014317 (2024)

Toward optimizing the basis states in the nucleon-pair approximation: Variational factorization

C.Ma®,' X. Yin,! and Y. M. Zhao®"2-"
'Shanghai Key Laboratory of Particle Physics and Cosmology, School of Physics
and Astronomy, Shanghai Jiao Tong University, Shanghai 200240, China
2Collaborative Innovation Center of IFSA (CICIFSA), Shanghai Jiao Tong University, Shanghai 200240, China

® (Received 3 April 2024; accepted 20 June 2024; published 15 July 2024)

In this paper we study low-lying states based on the nucleon-pair approximation to the nuclear shell model
with our focus on the optimization of basis states constructed by using SDGI (nucleon pair with spin zero, two,
four, and six) nucleon pairs. We find that the low-lying states in the very large and complex SDGI nucleon-
pair configuration space can be well represented by much smaller basis states optimized by the variational
factorization method of Papenbrock and collaborators [Phys. Rev. C 67, 051303(R) (2003)] (after modifications).
This considerably facilitates studies of deformed nuclei in terms of the nucleon-pair approximation.



2026FRYFMHERE: FUFA Hashmap BRESITRIUZTFER
— wowees | #nwewwesonms

N q 4 = T, (= L '
é%ﬁﬁ%l{% Z:IEE%<(,I — <0|P1,P2,P1<I 1 |8 ﬁ | %Wﬂ Pj %ﬁfﬁ#mﬂﬁ ﬁ"? ld(Pj)
l 2. M\ P, P, RERH N—2 MEKTTF&:
BEBEHIBRNON — 2B TS Rl il SR
=1 \N— \
PRI IR 7|<|):| 3. EX key: key = x(I), H
l_[p.’ = Hp! ) k) _ (ik N-2 N-2
Ly LY Qapys = dapys k) =1+ 3 [G,-1) ] maxvals(s)]
e, A30K) 1) FTELskey NEETTAS , B SIE T [F]— A . r=1 s=r+l
o qUR F gl TTRERIR T AFEPRAN R, A RERIE T Rl — Mok 0, 550 waluee valie =@
‘ 5. Q(J) RT=HEZ N -2 RN FEE—RENTEANEER
HIMUZ TERNESHE, e8RS (¢ FB) , BFEEA%E gopyso
FERFETH AR ——
miss (Kepd):
8 o)
. 2 3 < 3 : 3 - il #E AN hashmap MEGESR '-:Joa/}yd 4R
Bxts |wp| BFAEEER || £8 N -2 3t || tH key AMER || HHEET, |=p s : ) e
InM) O|Py Py -~ Py| | KT I Q. %A hashmap | | A hashmap | | ashmap et L o Sag?e ———
HEER 0()

Hashmap HI{ER: 2 “#&ARZREETEMHR Q) SR EE— N-2 £45% 78 | AtE—K%, RESKRER” .

AREET B HIUERI Bt



73 %6 [ T AT BAgw i

PHYSICAL REVIEW C 112, 034328 (2025)

Parallelizable approach for SD-pair shell model matrix elements and overlaps

Feng Pan
Department of Physics, Liaoning Normal University, Dalian 116029, China
and Department of Physics and Astronomy, Louisiana State University, Baton Rouge, Louisiana 70803-4001, USA

Si-Yao Zhang and Yan-An Luo’
School of Physics, Nankai University, Tianjin 300071, China

Bing-Cheng He
Department of Physics and Astronomy, University of Tennessee, Knoxville, Tennessee 37996, USA

Lianrong Dai ®*
Department of Physics, School of Science, Huzhou University, Huzhou, Zhejiang 313000, China

Jerry Paul Draayer®
Department of Physics and Astronomy, Louisiana State University, Baton Rouge, Louisiana 70803-4001, USA

M (Received 12 June 2025; accepted 28 August 2025; published 23 September 2025)

We propose a novel procedure for computing overlaps and matrix elements in the M-scheme SD-pair shell
model. Our approach demonstrates that calculating the overlap or matrix element of a one- or two-body operator
between two N-pair states requires, at most, N!(N + 1)!/2" products of one-pair overlaps. We also establish an
upper bound on the number of independent one-pair overlaps involved. A major advantage of this method is its
inherent parallelizability: the one-pair overlaps needed for N-pair overlaps or matrix elements can be computed
independently, enabling efficient parallelization to significantly accelerate the overall computation.
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Isoscalar spin-aligned p-n pair
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Identification of isoscalar spin-aligned pair condensation versus conventional isovector pairing
correlation in *°Cd with Gamow-Teller transitions

C.Ma®.,2 X. Yin,? and Y. M. Zhao ®%3-*
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Discrimination between isoscalar and isovector pairing correlations using transition sum rules

C.Ma®,"" Y. M. Zhao®,>*" and G. J. Fu®*
1School of Science, Yanshan University, Qinhuangdao 066004, China
2Shanghai Key Laboratory of Particle Physics and Cosmology, School of Physics and Astrononty,
Shanghai Jiao Tong University, Shanghai 200240, China
3Collaborative Innovation Center of IFSA (CICIFSA), Shanghai Jiao Tong University, Shanghai 200240, China
4School of Physics Science and Engineering, Tongji University, Shanghai 200092, China

® (Received 6 June 2025; revised 27 August 2025; accepted 22 September 2025; published 3 November 2025)

In this paper, we make use of transition sum rules to study isoscalar and isovector pairing correlationsin 7 = 0
states of seven self-conjugate nuclei, 904, 94Ag, 22pd, ®°Rh, ¥*Cr, 40y, and **Ti. Four typical pairing correlation
schemes are investigated, including (i) isoscalar spin-aligned (SA), (i1) isoscalar spin-one (SO), (iii) isovector
lowest-seniority (LS), and (iv) isovector SDG pair approximations. Our systematic calculations demonstrate that
the SA pairing strongly suppresses Gamow-Teller transitions, while the SO pairing reduces electric quadrupole
transition strengths. Comparisons with experimental data show that the SA pairing picture accurately describes
high-spin isomers with relatively long half-lives, whereas the isovector pairing (LS/SDG) modes is more favored
by low-spin ground states. In addition, we investigate the robustness of these conclusions by extending our
calculations from single-j to multi-j shells with realistic shell-model interactions.
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B-decay half-lives of the r-process waiting-point isotones of N = 81 and 82 nuclei

C.Ma,' Y. Lu,? Y. Lei®,? and Y. M. Zhao®"*-"
IShanghai Key Laboratory of Particle Physics and Cosmology, School of Physics and Astronomy,
Shanghai Jiao Tong University, Shanghai 200240, China
2College of Physics and Engineering, Qufu Normal University, Qufu 273165, China
3School of National Defense Science and Technology, Southwest University of Science and Technology, Mianyang 621010, China
4 Collaborative Innovation Center of IFSA (CICIFSA), Shanghai Jiao Tong University, Shanghai 200240, China
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Alternating-parity doublets of even-even Ba isotopes

X.Yin,! C. Ma,! and Y. M. Zhao®!-2"

!Shanghai Key Laboratory of Particle Physics and Cosmology, School of Physics and Astronomy,
Shanghai Jiao Tong University, Shanghai 200240, China
2Collaborative Innovation Center of IFSA (CICIFSA), Shanghai Jiao Tong University, Shanghai 200240, China

M (Received 22 October 2023; revised 25 December 2023; accepted 29 January 2024; published 23 February 2024)

In this paper we study the structure of even-even Ba isotopes with neutron number N = 84-90 within the
framework of nucleon-pair approximation of the shell model. We use a phenomenological Hamiltonian, which
includes single-particle energies, monopole, quadrupole, and octupole pairing energies, as well as quadrupole-
quadrupole and octupole-octupole interactions. Our calculated energy levels and B(E2) values are in good
agreement with experimental data. The alternating parity doublets are well reproduced by considering F~
nucleon pairs with spin-three and negative parity, which demonstrates the importance of F'~ pair in octupole
deformation. The octupole-octupole interaction is found to favor stronger B(E3) transitions and suppress B(E?2)
transitions in the low-lying states of nuclei in these even-even Ba isotopes.
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Coexistence of octupole and quadrupole shapes in '**Ba in the nucleon-pair
approximation of the shell model

X. Yin,! M. Q. Lin,! C. Ma,! and Y. M. Zhao®">"
'Shanghai Key Laboratory of Particle Physics and Cosmology, School of Physics and Astronomy,
Shanghai Jiao Tong University, Shanghai 200240, China
2Collaborative Innovation Center of IFSA (CICIFSA), Shanghai Jiao Tong University, Shanghai 200240, China

M (Received 26 December 2024; revised 3 March 2025; accepted 27 March 2025; published 10 April 2025)

The nucleon-pair approximation (NPA) of the shell model, with collective pairs projected from unconstrained
Hartree-Fock states as well as a number of so-called noncollective pairs, is applied to study the low-lying states,
both the yrast and a few non-yrast, of the '**Ba nucleus. There are the most sophisticated NPA calculations
ever performed. The calculated electric quadrupole transition rates are very consistent with experimental data.
Our calculations demonstrate robustness of intrinsic quadrupole moment for the yrast states. In addition, our
calculations also reproduce an octupole band and a prolate band in low-lying states of '**Ba. With consideration
of two major shells both for valence protons and neutrons, our calculations yield a sizable B(E1,J~ — (J —

1)*).
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Dominant nucleon-pair configurations in low-lying states of deformed nuclei
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In this paper we explicitly study dominant nucleon-pair configurations in low-lying states of deformed nuclei
in two cases; the first is the schematic Elliott’s SU(3) model with valence nucleons in the pf shell, and the second
is the effective Vj,w_; interaction with valence protons in the 50-82 shell and valence neutrons in the 82-126
shell, exemplified by '“*Ba and '**Ce. We find that the SD nucleon-pair configurations are more predominant
in low-lying states of these deformed nuclei than expected. Mixings of nucleon-pair configurations beyond the
conventional SD-pair subspace, in particular, one-G and/or one-I nucleon-pair configurations, albeit small, are
found to be necessary to reproduce the moment of inertia.
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Shell evolution and nucleon-pair structure of yrast states in N = 80 isotones

C.Ma®,'2Y. X. Yu®,? X. Yin®,2 G.J. Fu®,? and Y. M. Zhao®%4"
!School of Science, Yanshan University, Qinhuangdao 066004, China
2Shanghai Key Laboratory of Particle Physics and Cosmology, School of Physics and Astrononty,
Shanghai Jiao Tong University, Shanghai 200240, China
3School of Physics Science and Engineering, Tongji University, Shanghai 200092, China
4Collaborative Innovation Center of IFSA (CICIFSA), Shanghai Jiao Tong University, Shanghai 200240, China

® (Received 5 December 2024; revised 25 May 2025; accepted 9 June 2025; published 22 July 2025)

The yrast states in even-even N = 80 nuclei are studied within the frameworks of both the large-scale shell
model and the nucleon-pair approximation by using optimized effective interaction. Both calculations reproduce
most of the experimental data for yrast 2] -8/ states. Abrupt inconsistency between these two sets of calculations
for the 10;-16] states is found to be a reflection of the type-II shell evolution, which is also seen in the effective
single-particle energies of proton levels, at the 10 states. This suggests a strong correlation between the type-II
shell evolution and the evolution of nucleon-pair structure, which leads to fragility of optimized nucleon pairs
of the ground states for states with spins higher than ten. By further consideration of nucleon pairs specifically
optimized for the 10" state with a new variational procedure in our configuration space, we are able to improve
substantially the consistency between calculated results in the nucleon-pair approximation and those of the exact
shell-model calculation.
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Short summary

Short introduction to the Nucleon-pair approximation of the shell model

New developments (1T 14F):
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