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𝑍𝑍 𝛽𝛽 = Ω 𝛽𝛽 String−Net GS

𝑑𝑑-D QFT 𝑑𝑑 + 1 -D
SymTO

𝐇𝐇𝐇𝐇𝐇𝐇 𝐭𝐭𝐭𝐭 𝐟𝐟𝐟𝐟𝐟𝐟𝐟𝐟 𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜 Ω ?

STRANGE CORRELATOR

Path integral of 𝑑𝑑-D QFT with symmetry described by fusion category ℱ
∼ path integral of 𝑑𝑑 + 1 -D TQFT (SymTO) with input fusion category ℱ

COMPETING CONDENSATES IN TORIC CODE CONDENSATION IN MODEL

𝐻𝐻 𝑎𝑎, 𝑏𝑏 = 𝐻𝐻Toric code  − Λ 𝑎𝑎𝑊𝑊𝑒𝑒 + 𝑏𝑏𝑊𝑊𝑚𝑚 ,  Λ → +∞

• 𝑎𝑎 = 0 or 𝑏𝑏 = 0: chargeon/fluxon condensation ⟹ Gapped (SPT) States

• 𝑎𝑎 > 𝑏𝑏: More chargeons than fluxons ⟹ Gapped States after RG flow

• 𝑎𝑎 < 𝑏𝑏: More fluxons than chargeons ⟹ Gapped States after RG flow

• 𝑎𝑎 = 𝑏𝑏: Equally matched ⟹ Gapless Ising CFT preserving ℤ𝟐𝟐 symmetry!

𝐅𝐅𝐅𝐅𝐅𝐅𝐅𝐅𝐅𝐅𝐅𝐅𝐅𝐅𝐅𝐅𝐅𝐅 𝐚𝐚𝐚𝐚𝐚𝐚𝐚𝐚𝐚𝐚𝐚𝐚𝐚𝐚 𝒜𝒜𝟎𝟎 𝒜𝒜𝟏𝟏

𝐿𝐿𝒜𝒜 1 1,𝜓𝜓

Condensed Anyons 1�1,𝜓𝜓 �𝜓𝜓,𝜎𝜎 �𝜎𝜎 1�1,𝜓𝜓 �𝜓𝜓,𝜎𝜎 �𝜎𝜎

Condensed Sectors 1�1,𝜓𝜓 �𝜓𝜓, 𝜎𝜎 �𝜎𝜎, 1 1�1,𝜓𝜓 �𝜓𝜓, 𝜎𝜎 �𝜎𝜎,𝜓𝜓

𝒜𝒜0  and 𝒜𝒜1  condense the same anyon types!
But they are physically different!
Can compete and lead to phase transitions!

Motivation and Background: How to Construct a Critical Lattice Model?

Recipe: Via Competing Anyon Condensations in the String-Net Model 
SINGLE CONDENSATE ON UNIT CELL

HU-GEER-WU STRING-NET MODEL

FULL ANYON CONDENSATION

TOPOLOGICAL HOLOGRAPHIC PRINCIPLE

COMPETING CONDENSATE
 Given an HGW string-net model with input 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ℱ

 Select a condensate described by a 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝒜𝒜𝑖𝑖  of ℱ

 Place 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝒜𝒜𝑖𝑖 on each octagon edge

 Place a 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝑀𝑀𝒜𝒜𝑖𝑖  of 𝒜𝒜𝑖𝑖 on each square edge to absorb tails and 
separate global condensation into unentangled local condensates

 Resultant normalized child state on a unit cell:

 Select 𝒕𝒕𝒕𝒕𝒕𝒕 anyon condensate described by Frobenius algebras 𝒜𝒜𝑖𝑖 and 𝒜𝒜𝑗𝑗

 Select 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎 𝑀𝑀𝒜𝒜𝑖𝑖,𝑗𝑗of 𝒜𝒜𝑖𝑖 and 𝒜𝒜𝑗𝑗

 Construct the normalized child states ⟨�𝒜𝒜𝑖𝑖|, ⟨�𝒜𝒜𝑗𝑗|

 Ansatz: Critical states are located where all child states are equally matched!

 Using 𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺 𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪 to obtain 𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪 𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷 𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇:

𝑍𝑍 = ⟨Ω|StringNet GS⟩

 Competing of three anyon condensate 𝒜𝒜𝑖𝑖 ,𝒜𝒜𝑗𝑗 , and 𝒜𝒜𝑘𝑘? 
     Phase boundary between 𝒜𝒜𝑖𝑖 and 𝒜𝒜𝑗𝑗: Schmidt orthogonalization!

     Likewise phase boundaries Ω𝑖𝑖𝑖𝑖 𝜆𝜆 , Ω𝑗𝑗𝑗𝑗 𝜆𝜆 , and the tricritical point!

RENORMALIZATION GROUP FLOW
Tensor products of unit cells are no longer RG Fixed Points ⟹ Need RG.

Examples
ℤ𝑛𝑛 FUSION CATEGORY→ POTTS CFTS 𝑹𝑹𝑹𝑹𝑹𝑹 𝑺𝑺𝟑𝟑  CATEGORY HAAGERUP CATEGORY → NOVEL CFTS

• ℤ𝑛𝑛 Fusion Category: 0, 1, 2, … ,𝑛𝑛 − 1 

• Frobenius algebras: 𝒜𝒜𝑖𝑖 = 0 𝒜𝒜𝑗𝑗 = ⨁𝑖𝑖=0
𝑛𝑛−1 𝑖𝑖

• Common module: 𝑀𝑀 = ⨁𝑖𝑖=0
𝑛𝑛−1 𝑖𝑖

• 𝑅𝑅𝑅𝑅𝑅𝑅 𝑆𝑆3  Fusion Category: 0, 2, 4
 

   2 ⊗ 2 = 0 ⊕ 2 ⊕ 4, 2 ⊗ 4 = 4
 

• Frobenius algebras:
 

𝒜𝒜0 = 0,  𝒜𝒜1 = 0 ⊕ 2, 
 

𝒜𝒜2 = 0 ⊕ 2 ⊕ 4
 

• Common module: 𝑀𝑀 = 2

• Haagerup Fusion Category: 1,𝛼𝛼,𝛼𝛼2,𝜌𝜌,𝛼𝛼𝛼𝛼,𝛼𝛼2𝜌𝜌
 

𝛼𝛼3 = 1, 𝜌𝜌𝜌𝜌 = 𝛼𝛼2𝜌𝜌,  𝜌𝜌2 = 1 ⊕ 𝜌𝜌 ⊕ 𝛼𝛼𝛼𝛼 ⊕ 𝜌𝜌𝜌𝜌
 

• Frobenius algebras:
 

𝒜𝒜0 = 1,  𝒜𝒜1 = 1 ⊕𝛼𝛼𝛼𝛼⊕ 𝛼𝛼2𝜌𝜌⊕ 𝜌𝜌, 𝒜𝒜2 = 1 ⊕𝛼𝛼⊕𝛼𝛼2,
 

𝒜𝒜4 = 1 ⊕𝜌𝜌⊕ 𝛼𝛼𝛼𝛼,  𝒜𝒜5 = 1 ⊕𝜌𝜌⊕ 𝛼𝛼2𝜌𝜌,  𝒜𝒜6 = 1 ⊕𝛼𝛼𝛼𝛼⊕ 𝛼𝛼2𝜌𝜌
 

• Common module: 𝑀𝑀 = 𝜌𝜌 ⊕ 𝛼𝛼𝛼𝛼⊕ 𝛼𝛼2𝜌𝜌

A 2D-CFT factory: Critical Lattice Models from 
Competing Anyon Condensation in SymTO
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