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α clustering above double shell closures
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Motivation

Two­body cluster model→⃝+ α
8Be = α+ α, 20Ne = 16O+ α, · · ·

Three­body cluster model→⃝+ α+ α
108Xe = 100Sn+ α+ α

α­core effective potentials play a crucial role in the two­body and
three­body approaches to α­cluster structures outside double shell
closures.

1 phenomenological potentials in specific forms
2 double­folding potentials based on effective nucleon­nucleon
interactions (M3Y, · · · )

Main Goals
Construct χEFT double­folding potentials for α+ doubly magic
nucleus systems
Study two­body and three­body cluster structures above double
shell closures based on χEFT double­folding potentials
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Theoretical Framework
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χEFT double­folding potentials

Chiral effective field theory (χEFT) is
widely regarded as the standard model for
nuclear interactions.

Weinberg, van Kolck, Machleidt,
Entem, Meißner, Epelbaum, Forssén,
Ekström, Gezerlis, · · · ;
EFT for nucleons and pions
obeying chiral symmetry breaking;
Power­counting scheme
◦ Hierarchical structures of 2N, 3N,
4N, · · · interactions;
◦ Systematical improvement;
◦ Uncertainty quantification.
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In practice, χEFT gives different realizations of chiral potentials,
which are generally non­local in coordinate space.

dependence on k ≡ (p+ p′)/2
non­local regulator

Local chiral potentials are available up to the next­to­next­to­
leading order (N2LO).

A. Gezerlis et al., Phys. Rev. Lett. 111, 032501 (2013).
A. Gezerlis et al., Phys. Rev. C 90, 054323 (2014).
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At the N2LO, local chiral NN potentials are given by

Vchiral(r) = Vlong(r)
{
1− exp[−(r/R0)

4]
}
+ Vshort(r),

Vlong(r) = VC(r) +WC(r)τ1 ·τ2 + [VS(r) +WS(r)τ1 ·τ2]σ1 ·σ2

+ [VT(r) +WT(r)τ1 ·τ2]S12,
Vshort(r) = (CS + CTσ1 ·σ2) δR0(r)− (C1 + C2τ1 ·τ2)∆δR0(r)

− (C3 + C4τ1 ·τ2)σ1 ·σ2∆δR0(r) +
C5

2

∂r δR0(r)
r

L·S

+ (C6 + C7τ1 ·τ2)

×
{
(σ1 ·r̂)(σ2 ·r̂)

[
∂r δR0(r)

r
− ∂2

r δR0(r)
]
− σ1 ·σ2

∂r δR0(r)
r

}
.

δR0(r) = 1
πΓ(3/4)R3

0
exp[−(r/R0)

4] is the regularized delta function,
with R0 being the regularization scale in coordinate space.
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The double­folding potential between the α cluster and the core
nucleus is given by
UDF(R) = UD(R) + UEx(R),

UD(R) =
∑
i,j=p,n

∫
d3rα

∫
d3rC ρiα(rα)V

ij
D(s) ρ

j
C(rC),

UEx(R) =
∑
i,j=p,n

∫
d3rα

∫
d3rC ρiα(rα, rα + s)V ij

Ex(s) ρ
j
C(rC, rC − s)

× exp(ikrel ·s/Ared),

rC rα
R

s
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Two­body cluster model

Model space

Wildermuth condition
◦ 8Be: G ≡ 2N+ L < 4 8 ◦ 20Ne: G < 8 8 ◦ 44Ti: G < 12 8
◦ 52Ti: G < 12, (G,L) = (12, 12) 8
◦ 104Te: G < 16, (G,L) = (14, 16), (16, 16) 8
◦ 212Po: G < 22, (G,L) = (22, 20), (22, 22) 8
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Three­body cluster model

Model space

Hamiltonian

H3B = T3B +

∫
d3r′1 Vαα(r1, r′1) +

∫
d3r′2 Vαc(r2, r′2) +

∫
d3r′3 Vαc(r3, r′3) +W3B(ρ),

Vαα(r1, r′1) =
∑
LM

⟨̂r1|LM⟩ ⟨LM|̂r′1⟩ [UααL(r1) + U rep
ααL(r1)] δ(r1 − r′1)/r′21 ,

Vαc(rb, r′b) =
∑
LM

⟨̂rb|LM⟩ ⟨LM|̂r′b⟩ [UαcL(rb) + U rep
αcL(rb)]δ(rb − r′b)/r′2b ,

UααL(r1) = UCoul
αα (r1) + λααLUNucl

αα (r1),

UαcL(rb) = UCoul
αc (rb) + λαcLUNucl

αc (rb).
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r1R1 r2

R2 r3

R3

Stochastic variational method (SVM)

Ψ3B =

Mmax∑
i=1

fi
[
Φ1i(r1,R1) + Φ1i(r1,R1)

]
+

Nmax∑
j=1

gj [Φ2j(r2,R2) + Φ2j(r3,R3)] ,

Φak(ra,Ra) = exp(−Aak r2a − Bak R2
a − 2Cak ra · Ra),

Φak(ra,Ra) = exp(−Aak r2a − Bak R2
a + 2Cak ra · Ra), (a = 1, 2).

Here, {Aak,Bak,Cak} are the nonlinear SVM parameters, {fi, gj} are
the linear expansion coefficients, and Φak(ra,Ra) is the explicitly
correlated Gaussian basis function.

Y. Suzuki and K. Varga, Stochastic Variational Approach to Quantum­
Mechanical Few­Body Problems (Springer, New York, 1998).
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Numerical Results
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Two ­body cluster structures in 8Be, · · · , 212Po

Soft local chiral NN potentials
V. Durant, P. Capel, L. Huth, A. B. Balantekin, and A. Schwenk (2018).

regularization scale
R0=1.6 fm→ soft
CS, CT, C1, · · · , C7

determined by fitting
Nijmegen np phase shifts
in 1S0, 3S1, 1P1, 3P0, 3P1,
3P2, and 3S1­3D1

channels at 1, 5, 10, 25,
50, 100, and 150 MeV.
deuteron binding energy
Ed = 2.178MeV.
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χEFT double­folding potentials for α+ doubly magic nucleus
systems

α+α
α+16O
α+40Ca
α+48Ca
α+100Sn
α+208Pb
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In two­body cluster model,[
− ∇2

R
2mred

+ U(R)
]
ΨNLM(R) = ENLΨNLM(R),

U(R) = λNLUDF,N(R) + UDF,C(R).

◦ λNL: phenomenological renormalization factor
◦ UDF,N(R): nuclear part of the χEFT double­folding potential
◦ UDF,C(R): Coulomb part of the χEFT double­folding potential

λNL is determined by reproducing exactly experimental energy of
α­cluster state.

Γα ≥ 0.01MeV→ complex scaling method (CSM)
Γα < 0.01MeV→ modified two­potential approach/calculable

R­matrix theory
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8Be = α + α
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20Ne = α + 16O

1−1 , 3
−
2 , 5

−
3 states almost have pure α­cluster configurations.

α­formation probabilities extracted by Pα = Γ
exp
α /Γthα are

generally compatible with AMD.
Enhancement of B(E2↓)3−2 →1−1

is reproduced.
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52Ti = α + 48Ca
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212Po = α + 208Pb

Pα(0
+
1 ) = 0.094, consistent with Pα(0

+
1 ) = 0.1045 given by

quartetting wave function approach
Pα(18

+
1 ) = 0.0034 → shell­model state
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Three­ body cluster structures in 108Xe

U rep
ααL(r1)

=V rep
ααL exp(−µ

rep
ααLr

2
1)

U rep
αcL(rb)

=V rep
αcL exp(−µ

rep
αcLr

2
b)

Q th
α = 5.2MeV

T th
1/2,α= 13.4 ns

Q exp
α = 5.1(2)MeV

T exp
1/2 < 18 ns
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SVM calculations
withoutW3B(ρ)
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withW3B(ρ)
We take W = −4.85MeV and ρ3B = 9 fm. The three­body energy is
found to be E3B = 9.605MeV, well consistent with the experimental
value ≈ 9.70 MeV.
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Density distributions of valence α clusters

√
⟨r22⟩ = 6.159 fm,

√
⟨R2

2⟩ = 6.155 fm,
√

⟨r21⟩ = 8.555 fm,
√

⟨R2
1⟩ = 4.432 fm

The relative angle between r2 and R2 is found to be θ2 = arccos
(

⟨r22⟩+⟨R22⟩−⟨r21⟩
2
√

⟨r22⟩⟨R
2
2⟩

)
= 88 degree ≈ 90 degree.

→ isosceles right triangle in the ground state of 108Xe
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Reduced width amplitudes

α+104Te
8Be+100Sn

0 2 4 6 8 10 12
0

5

10

15

R (fm)

φ
(R

)
(M
eV

1/
2
)

φα0(R2) =
√
2R2

∫
dR̂2Y∗00(R̂2)

∫
d3r2 ϕαc0(r2)/r2Y00(r̂2)Ψ3B

φBe0(R1) = R1

∫
dR̂1Y∗00(R̂1)

∫
d3r1ϕαα0(r1)/r2Y00(r̂1)Ψ3B
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Decay properties of 108Xe

The α­decay half­life of 108Xe → α+ 104Te is found to be T th
1/2 ≈ 43 µs, in

good agreement with the experimental value T exp
1/2 = 58+106

−23 µs. The
8Be­emission half­life is about 2× 109 s, larger than the α­decay half­life

T th
1/2 by thirteen orders of magnitude.
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Summary
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Summary

We study two­body and three­body α­cluster structures above
double shell closures via χEFT double­folding potentials.

8Be, 20Ne, 44,52Ti, 104Te, and 212Po are studied within two­body
cluster models to justify χEFT double­folding potentials.

The heaviest self­conjugate nucleus 108Xe is studied within the
three­body cluster model. The α­decay half­life is found to be
T th
1/2 ≈ 43 µs, in good agreement with the experimental value

T exp
1/2 = 58+106

−23 µs. A novel isosceles right triangular structure
made of the two valence α clusters and 100Sn is found in the
ground state of 108Xe.
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The End

30



χEFT double­folding potentials

Proton density distributions of α particle, 16O, 40,48Ca, and 208Pb are
realistic sums of Gaussians determined in elastic electron scattering
experiments, to which neutron density distributions are proportional.

H. De Vries, C. W. De Jager, and C. De Vries (1987).

For 100Sn, São Paulo distributions are taken

ρp,n(r) =
ρ
p,n
0

1 + exp
(
r−Rp,n
ap,n

) ,
with Rp = 1.81Z1/3 − 1.12 fm, Rn = 1.49N1/3 − 0.79 fm,
ap = 0.47− 0.00083Z fm, and an = 0.47 + 0.00046N fm.

◦ charge radius = 4.58 fm, consistent with 4.525 ∼ 4.707 fm
from ab initio SCGF + N2LOsat chiral potentials.

L. C. Chamon et al., Phys. Rev. C 66, 014610 (2002).
P. Arthuis, C. Barbieri, M. Vorabbi, and P. Finelli, arXiv:2002.02214.
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ρ
p,n
α(C)(rα(C), rα(C) ± s) are density matrix elements and can be

estimated by realistic localization approximation.
D. T. Khoa, W. von Oertzen, and H. G. Bohlen (1994).

V ij
D(Ex)(s) is the NN interaction in the direct (exchange) channel.

For α + doubly magic nucleus, only the central parts of local
chiral NN potentials make contributions.

V pp,nn
D,Ex (s) =

1

4

[
V 01(s)± 3V 11(s)

]
,

V pn,np
D,Ex (s) =

1

8

[
±V 00(s) + V 01(s) + 3V 10(s)± 3V 11(s)

]
,

with V ST(s) ≡ ⟨SMSTMT|V(s)|SMSTMT⟩ being the spin­isospin
projection of the central parts of local chiral NN potentials.
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44Ti = α + 40Ca
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Benchmark of the SVM code
Positronium negative ion Ps− = e− + e− + e+
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Channel­radius dependence

35


	Introduction

