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Introduction and motivations

From Boltzmann equation to quantum kinetic equation
» Classical kinetic theory: Boltzmann equation
(Ot +%x-0x+p-0p) f = C[f]. (1)
» EM field: Einstein-Vlasov equation
5(p? — m?)p [0, — Fu 31 = . ®)

> quantum kinetic theory: spin effect in O(h).

p
2|p[?

> Chiral fermions: spin parallel to momentum. Berry curvature:
> Massive fermions: New degrees of freedom for spin direction.
> Spin evolution equation.

Ref:

Chiral kinetic theory: Stephanov, Yin. 2012; Son, Yamamoto. 2013; Hidaka, Pu, Yang. 2017; Huang, Shi,
Jiang, Liao, Zhuang. 2018; Gao, Liang, Wang, Wang. 2018; Liu, Gao, Mameda, Huang. 2019.

Massive kinetic theory: Weickgenannt, Sheng, Speranza, Wang, Rischke. 2019; Gao, Liang. 2019; Hattori,
Hidaka, Yang. 2019; Wang, Guo, Shi, Zhuang. 2019.



Introduction and motivations

Spin polarization
» Spin polarization is one of important probes in experimental physics to study the
nuclear matter in heavy ion collisions.

> Spin polarization can be induced by vorticity w and magnetic field B.(Liang, Wang.
2006; Becattini, Piccinini, Rizzo. 2008; Kharzeev, McLerran, Warringa. 2008.)

» Pauli-Lubanski vector with momentum .‘55 and spin operator ‘SA‘EO. (Ryder. QFT.
1996.)
Wl = —cner PESS, 3)

We can introduce the investigation of spin effects into nonequilibrium state via
quantum kinetic theory.



Wigner function and quantum kinetic theory



Wigner operator in curved spacetime

» Wigner operator

s v/—gd* o ) —1/2y-
Wa,@(X,P)E (27r) y Py/h[ (X)el/2y D]ﬂ[e 1/2y Dw(X)]a~ (4)
Where the derivative ﬁ ) acting to the left(right).

> We emphasize that x in equation (4) is the coordinate of point(P) in curved
spacetime, and y is vector in the tangent space of point P, and p is vector in
cotangent space of P.

» Horizontal lifted covariant derivatives (Winter. 1985; Calzetta, Habib, Hu. 1988; Fonarev.

1994)
A 0 i
Dy = VuThy s +Mhpas— Tt Au (5)
dy opy h
N———
connection for spinor
<,— A e -
5 _ g 0 0 i
woo= e dy EYSY N Oy ;wPA My hA;u (6)

where V, is the usual covariant derivative operator, A, is gauge field,
M, = —Zwubaab is spin connection with o, = 2[’ya,’yb] and wy b the vierbein

connection.
» Vierbein: e? = e;@“.



Dynamic equation for Wigner function

Up to O(h?) order

u in " in? N
o% nu"‘EAM -m|W = 57 Ruapo [8p W, o ]
h3 813
—m(VBRuapa)’Y” [8,?‘8,, WJ’”] (7)
with
2 12 2
Ny =pu— E(vaW)a;ag + ﬂR%Waf,’B};pp + IRWBE ,

A h2 0 Vv hz 14 v 90 QA 8
A, =Dy — Fuxop — E(VpRW)Bpap — ﬁ(v,\R Uw)apap 95 pp (8)

2

i 12
+ g RPauv 005 Do + 57 (VaVisFuw + 2R Fap) 059507

where R“,,M is Riemann curvature and Ry, is Ricci tensor.



Decomposition of Wigner function

1 . I
W = Z[]:+ i°P + 4"V + Py AL + EO"“ Sl

The constraints for the decomposed coefficients

2 y
AYVE = (VaRw)ORORVY,  hAR AN = —2mP,
h2 h?
nyay* —mr = gR,Wa;,’V”, n,A" = ERW(?[,”A“,
h v h v pO’
ﬂu]-'f mV“ = EA SVIM n,,LP = *Zey.upaA S )
72 5
hA[#vu] — €uvpo P A7 mSpuy — EGHV‘XB R pgag‘A""
RAL AL — €uvpe TPV _EEWQBRQ PPV,
h n? 2
SAuF =S, —1—6mesag$ﬂ§ — 5 RS,

h 1
EAHP — Eew,p(,l'I"S”cr

with X[, Y, = 2(X. Yo — X V).

h2
mA, — eMU(;Ang““a{jSP‘*.

(10)

(11)

(12)

(13)
(14)
(15)

(16)
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Solutions up to O(h)

» P, F and S* can be expressed by V* and A*.
> In classical limit A — 0

Ve = arprfO§(p? — m?), (17)
Aﬁ)) = 4#%“ 5(p —m?), (18)
with pusz{ 6(p —m?) =0.

» In O(h), we can write A, =V, + (—Fu\ + FZApy)OI/J\

V(‘;) = 47rh{ (p“f(l) + ! e“”pan,,Ap,tz{éO)) 5(p? — m?)
n
~ .70
+FHY (5‘{1/(0) _ Mm,) 6/(p2 _ m2)}7 (19)
p-n
Al = amh{e\8(p" — m®) + Fp, fO8 (p7 — m?)}, (20)

where n* is a unit timelike frame vector, and we have puﬂi(‘f)é(pQ - m?)=0.

> no_ (0) -
Rewrite Qf( 0) (47( o)L + pufs ’, where pHp/(O)J_ 0.



The chiral case: m =10

Solutions

RM/LH = Ar{ [pMfr/ £ AZE Dyfr/] 6(p7)
LhF" p,fri18'(p?)}, (21)

where R /LH = %(V“ + A#), and )" = Fl_ne“”’“’p,)ng is the spin tensor for chiral
fermion.

Chiral kinetic theory in curved spacetime
» Chiral magnetic effect
> Chiral vortical effect
» rotating frame

Dr. Kazuya Mameda's talk, Oct. 31.
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The massive case: m # 0
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The massive case m # 0

0
We have f5( )(5(p2 — m?) =0 and A’(o) = 47&52{(’6)J_5(p2 — m?).

Remove the frame vector n* from the kinetic theory:

» Redefinition of the scalar distribution

1
FO 5 £ 4 CT ne“”p”punyApd(g), (22)

n* is removed from the kinetic theory.

» The redefinition of (1) is equivalent to identifying the frame
n* as the particle's rest frame n* = %.

12/20



Solutions up to O(h)

» Massive case m # 0, we define mf#fy = ﬂf(/éﬂ + hﬂ{(‘f)r
with pt0, = 0:

PH = 47r{ pHE8(p? — m?) + mhF*™ 6, £a8' (p? — m?)

h
L, (0,60) 8067 m2)}, (23)
AR = an{mOFfad(p? — m?) 4+ BFH p £8'(p? — m?)}, (24)
where T5” = ;L eP70) p, is the spin tensor for massive

fermion.
» P, F and S* can be expressed by V* and A*.
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Quantum kinetic theory for massive fermions

I
DVF =0, pr DAL= Fup A’ + Scuupe A DOV

» Two independent scalar kinetic equations
0 = 8p°—m FhEe Fap)
><{ [pmM 4 Zzg” (Y Fovd8 + Dy D)) ] s
+§(f¢ — £) (VpFun 08 + [Dy, Du]) zg”}. (26)

where f; /| = %(fi fa).
» Spin evolution equation

p- AO*5(p? — m?)

1
= FM0,86(p°> — m?) — f—@“ (p- Afa) 8(p? — m?)
A

P pa Ay AL FS(p? — m?). (27)

2mfA
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Spin polarization
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Spin operator and frame vector
» In O(h) we have

4rh(p - )X 5(p?) = Tr <Z{a‘“’,7/\}n)\W(x,p)> ,

n h v
Arhmfa X 6(p* — m?) = Tr <4{a“ ,WA}nAW(x,p)>

i
(28)
> The spin current in Noether's theorem
St = w{o“'w b (29)
» Spin operator in field theory
SE = 8 ny. (30)

S =Tr (Z{U“V,’y)‘}m\ W (x, p)) . (31)
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Spin polarization

» The Pauli-Lubanski vector

W (x,p) =

1
h(p - n)

/ Wi(x, p). (32)

vpo C
E;U' P pI/Spo'7

A (x)

» Massive fermions

I
Nmz0)

m / 5(p* — m®) (4mb" fa — he"P? F e ORF) .
p
(33)
» Massless fermions

/\N

(m=0) ™ / 5(p?) [4 (p"fs + RZH A, F) — het P Fn OPF].
P

(34)
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Equilibrium state for massive fermions

> ff/(i - nF(gT/J) with gT/xL =p- B + O[T/¢ihzl§ywuy

v,uﬁu + vuﬂ,u = 0, V[[},Bl/] - 2w,ul/ =0,
«,

ar=a; = Vio=Fuf. (35

» The spin per particle in phase space 7# = #*/f induced by
vorticity (Becattini, Chandra, Zanna, Grossi. 2013)

Wu_eq = 4ﬂhﬁuaaﬁpavaﬂﬁ[1 —ne(p-B+ a)]é(p2 _ mz)‘

w
(36)
» Spin polarization density
Ni, = —mh / 5(p> = m?) Ly ("7 P,V o By + €77 B, F o) .
p

(37)
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Equilibrium state for chiral fermions

| 2 f[g;’L == nF(gR/L)i with gR/L =p- /6 + aR/L + ﬁzlﬁywuy

VubBy + ViuBu = ¢(x)guv V[uﬁu] — 2w =0 (38)
Vyuar = Vo = Fw/ﬁy- (39)

» Spin polarization density

Ny = 7 [ 86220 (an — 1)
p

—heP p, N By — heP7 B, F . (40)
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Summary and outlook

Summary

> We have derived covariant kinetic theory up to O(h) order in curved
spacetime.

» For massive fermions, the frame vector can be removed in kinetic
theory.

» Spin polarization is derived from kinetic theory, and the results are
available in non-equilibrium state.

Outlook
» Quantum correction for collision term.
» Simulation of the evolution of spin polarization for Dirac fermions.

» From quantum kinetic theory to spin hydrodynamics.

Thank you!
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