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Introduction and motivations

From Boltzmann equation to quantum kinetic equation

I Classical kinetic theory: Boltzmann equation

(∂t + ẋ · ∂x + ṗ · ∂p) f = C [f ]. (1)

I EM field: Einstein-Vlasov equation

δ(p2 −m2)pµ[∂µ − Fµν∂
ν
p ]f = 0. (2)

I quantum kinetic theory: spin effect in O(~).

I Chiral fermions: spin parallel to momentum. Berry curvature: p̂
2|p|2 .

I Massive fermions: New degrees of freedom for spin direction.
I Spin evolution equation.

Ref:

Chiral kinetic theory: Stephanov, Yin. 2012; Son, Yamamoto. 2013; Hidaka, Pu, Yang. 2017; Huang, Shi,
Jiang, Liao, Zhuang. 2018; Gao, Liang, Wang, Wang. 2018; Liu, Gao, Mameda, Huang. 2019.

Massive kinetic theory: Weickgenannt, Sheng, Speranza, Wang, Rischke. 2019; Gao, Liang. 2019; Hattori,

Hidaka, Yang. 2019; Wang, Guo, Shi, Zhuang. 2019.
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Introduction and motivations

Spin polarization

I Spin polarization is one of important probes in experimental physics to study the
nuclear matter in heavy ion collisions.

I Spin polarization can be induced by vorticity ω and magnetic field B.(Liang, Wang.

2006; Becattini, Piccinini, Rizzo. 2008; Kharzeev, McLerran, Warringa. 2008.)

I Pauli-Lubanski vector with momentum P̂C
ν and spin operator ŜCρσ (Ryder. QFT.

1996.)

Ŵ µ
C ≡ −ε

µνρσP̂C
ν ŜCρσ (3)

We can introduce the investigation of spin effects into nonequilibrium state via
quantum kinetic theory.
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Wigner function and quantum kinetic theory
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Wigner operator in curved spacetime
I Wigner operator

Ŵαβ(x , p) ≡
∫ √−gd4y

(2π)4
e−ip·y/~[ψ̄(x)e1/2y·

←−
D
]
β

[
e−1/2y·Dψ(x)

]
α
. (4)

Where the derivative
←−
D µ(Dµ) acting to the left(right).

I We emphasize that x in equation (4) is the coordinate of point(P) in curved
spacetime, and y is vector in the tangent space of point P, and p is vector in
cotangent space of P.

I Horizontal lifted covariant derivatives (Winter. 1985; Calzetta, Habib, Hu. 1988; Fonarev.

1994)

Dµ ≡ ∇µ−Γλµνy
ν ∂

∂yλ
+ Γλµνpλ

∂

∂pν
+Γµ +

i

~
Aµ︸ ︷︷ ︸

connection for spinor

, (5)

←−
D µ ≡

←−
∇µ−

←−−
∂

∂yλ
Γλµνy

ν +

←−−
∂

∂pν
Γλµνpλ

︷ ︸︸ ︷
−Γµ −

i

~
Aµ, (6)

where ∇µ is the usual covariant derivative operator, Aµ is gauge field,

Γµ ≡ − i
4
ωab
µ σab is spin connection with σab = i

2
[γa, γb] and ωab

µ the vierbein
connection.

I Vierbein: ea = eaµ∂
µ.
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Dynamic equation for Wigner function

Up to O(~2) order

[
γµ
(

Πµ +
i~
2

∆µ

)
−m

]
Ŵ =

i~2

32
γµRµαρσ

[
∂αp Ŵ , σµν

]
−

~3

8× 4!
(∇βRµαρσ)γµ

[
∂αp ∂

β
p Ŵ , σρσ

]
(7)

with

Πµ = pµ −
~2

12
(∇ρFµν)∂νp ∂

ρ
p +

~2

24
Rρσµν∂

σ
p ∂

ν
p pρ +

~2

4
Rµν∂

ν
p ,

∆µ = Dµ − Fµλ∂
λ
p −

~2

12
(∇ρRµν)∂ρp ∂

ν
p −

~2

24
(∇λRρσµν)∂νp ∂

σ
p ∂

λ
p pρ

+
~2

8
Rρσµν∂

ν
p ∂

σ
p Dρ +

~2

24
(∇α∇βFµν + 2RραµνFβρ)∂νp ∂

α
p ∂

β
p ,

(8)

where Rµνρσ is Riemann curvature and Rµν is Ricci tensor.
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Decomposition of Wigner function

W =
1

4
[F + iγ5P + γµVµ + γ5γµAµ +

1

2
σµνSµν ]. (9)

The constraints for the decomposed coefficients

∆µVµ =
~2

24
(∇ηRµν)∂νp ∂

η
p Vµ, ~∆µAµ = −2mP, (10)

ΠµVµ −mF =
~2

8
Rµν∂

ν
p Vµ, ΠµAµ =

~2

8
Rµν∂

ν
pAµ, (11)

ΠµF −mVµ =
~
2

∆νSνµ, ΠµP = −
~
4
εµνρσ∆νSρσ , (12)

~∆[µVν] − εµνρσΠρAσ = mSµν −
~2

16
εµναβR

αβρσ∂pρAσ , (13)

~∆[µAν] − εµνρσΠρVσ = −
~2

16
εµναβR

αβρσ∂pρVσ , (14)

~
2

∆µF − ΠνSµν = −
~2

16
Rµνρδ∂

ν
p Sρδ −

~2

8
Rρν∂pνSρµ, (15)

~
2

∆µP −
1

2
εµνρσΠνSρσ = mAµ − εµσδλ

~2

8
R σλν
ρ ∂pνSρδ. (16)

with X[µYν] ≡ 1
2

(XµYν − XνYµ).
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Solutions up to O(~)
I P, F and Sµν can be expressed by Vµ and Aµ.
I In classical limit ~→ 0

Vµ
(0)

= 4πpµf (0)δ(p2 −m2), (17)

Aµ
(0)

= 4πA µ
(0)
δ(p2 −m2), (18)

with pµA µ
(0)
δ(p2 −m2) = 0.

I In O(~), we can write ∆µ = ∇µ + (−Fµλ + Γνµλpν)∂λp

Vµ
(1)

= 4π~
{(

pµf (1) +
1

2p · n
εµνρσnν∆ρA

(0)
σ

)
δ(p2 −m2)

+F̃µν

(
A

(0)
ν −

p ·A (0)

p · n
nν

)
δ′(p2 −m2)

}
, (19)

Aµ
(1)

= 4π~
{
A µ

(1)
δ(p2 −m2) + F̃µνpν f

(0)δ′(p2 −m2)
}
, (20)

where nµ is a unit timelike frame vector, and we have pµA µ
(1)
δ(p2 −m2) = 0.

I Rewrite A µ
(0)

= A µ
(0)⊥ + pµf

(0)
5 , where pµA µ

(0)⊥ = 0.
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The chiral case: m = 0

Solutions

Rµ/Lµ = 4π
{ [

pµfR/L ± ~Σµν
n ∆ν fR/L

]
δ(p2)

±~F̃µνpν fR/Lδ′(p2)
}
, (21)

where Rµ/Lµ ≡ 1
2

(Vµ ±Aµ), and Σµνn = 1
2p·n ε

µνρσpρnσ is the spin tensor for chiral

fermion.

Chiral kinetic theory in curved spacetime

I Chiral magnetic effect

I Chiral vortical effect

I rotating frame

Dr. Kazuya Mameda’s talk, Oct. 31.
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The massive case: m 6= 0
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The massive case m 6= 0

We have f
(0)

5 δ(p2 −m2) = 0 and Aµ(0) = 4πA µ
(0)⊥δ(p2 −m2).

Remove the frame vector nµ from the kinetic theory:

I Redefinition of the scalar distribution

f (1) → f (1) +
1

2m2p · n
εµνρσpµnν∆ρA

(0)
⊥σ , (22)

nµ is removed from the kinetic theory.

I The redefinition of f (1) is equivalent to identifying the frame
nµ as the particle’s rest frame nµ = pµ

m .
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Solutions up to O(~)

I Massive case m 6= 0, we define mθµfA ≡ A µ
(0)⊥ + ~A µ

(1)⊥,
with pµθµ = 0:

Vµ = 4π

{
pµf δ(p2 −m2) + m~F̃µνθν fAδ′(p2 −m2)

+
~

2m
εµνρσpν∆ρ (θσfA) δ(p2 −m2)

}
, (23)

Aµ = 4π
{
mθµfAδ(p2 −m2) + ~F̃µνpν f δ′(p2 −m2)

}
, (24)

where Σµν
S = 1

2mε
µνρσθρpσ is the spin tensor for massive

fermion.

I P, F and Sµν can be expressed by Vµ and Aµ.
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Quantum kinetic theory for massive fermions

∆µVµ = 0, p ·∆Aµ = FµνAν +
~
2
εµνρσ∆ν∆ρVσ . (25)

I Two independent scalar kinetic equations

0 = δ(p2 −m2 ∓ ~ΣαβS Fαβ)

×
{[

pµ∆µ ±
~
2

ΣµνS
(
∇ρFµν∂ρp + [Dµ,Dν ]

) ]
f↑/↓

+
~
2

(f↑ − f↓)
(
∇ρFµν∂ρp + [Dµ,Dν ]

)
ΣµνS

}
. (26)

where f↑/↓ ≡ 1
2

(f ± fA).

I Spin evolution equation

p ·∆θµδ(p2 −m2)

= Fµνθνδ(p2 −m2)−
1

fA
θµ (p ·∆fA) δ(p2 −m2)

+
~

2mfA
εµνρσpσ∆ν∆ρf δ(p2 −m2). (27)
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Spin polarization
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Spin operator and frame vector
I In O(~) we have

4π~(p · n)f5Σµν
n δ(p2) = Tr

(
~
4
{σµν , γλ}nλW (x , p)

)
,

4π~mfAΣµν
S δ(p2 −m2) = Tr

(
~
4
{σµν , γλ}nλW (x , p)

) ∣∣∣∣
nα= pα

m

.

(28)

I The spin current in Noether’s theorem

Ŝλ,µνC ≡ ~
4
ψ̄{σµν , γλ}ψ (29)

I Spin operator in field theory

ŜµνC ≡ Ŝ
λ,µν
C nλ. (30)

SµνC ≡ Tr

(
~
4
{σµν , γλ}nλW (x , p)

)
. (31)
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Spin polarization
I The Pauli-Lubanski vector

W µ(x , p) ≡ − 1

~(p · n)
εµνρσpνSCρσ,

Λµ(x) ≡
∫
p
W µ(x , p). (32)

I Massive fermions

Λµ(m 6=0) = π

∫
p
δ(p2 −m2) (4mθµfA − ~εµνρσFρσ∂pν f ) .

(33)

I Massless fermions

Λµ(m=0) = π

∫
p
δ(p2) [4 (pµf5 + ~Σµν

n ∆ν f )− ~εµνρσFρσ∂pν f ] .

(34)
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Equilibrium state for massive fermions

I f eq↑/↓ = nF (g↑/↓) with g↑/↓ = p · β + α↑/↓±~Σµν
S ωµν

∇µβν +∇νβµ = 0, ∇[µβν] − 2ωµν = 0,

α↑ = α↓ = α, ∇µα = Fµνβ
ν . (35)

I The spin per particle in phase space πµ = W µ/f induced by
vorticity (Becattini, Chandra, Zanna, Grossi. 2013)

πµω−eq = 4π~εµσαβpσ∇αββ[1− nF (p · β + α)]δ(p2 −m2).

(36)

I Spin polarization density

Λµeq = −π~
∫
p
δ(p2 −m2)f ′eq (εµνρσpν∇ρβσ + εµνρσβνFρσ) .

(37)
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Equilibrium state for chiral fermions

I f eqR/L = nF (gR/L), with gR/L = p · β + αR/L ± ~Σµν
n ωµν

∇µβν +∇νβµ = φ(x)gµν , ∇[µβν] − 2ωµν = 0 (38)

∇µαR = ∇µαL = Fµνβ
ν . (39)

I Spin polarization density

Λµeq = π

∫
p
δ(p2)f ′eq

[
2pµ(αR − αL)

−~εµνρσpν∇ρβσ − ~εµνρσβνFρσ
]
. (40)
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Summary and outlook

Summary

I We have derived covariant kinetic theory up to O(~) order in curved
spacetime.

I For massive fermions, the frame vector can be removed in kinetic
theory.

I Spin polarization is derived from kinetic theory, and the results are
available in non-equilibrium state.

Outlook

I Quantum correction for collision term.

I Simulation of the evolution of spin polarization for Dirac fermions.

I From quantum kinetic theory to spin hydrodynamics.

Thank you!
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