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Outline

z Motivations

◦ to understand hydro matter in heavy-ion collisions

z Standard path integral representation of stochastic hydro

z Naive Einstein relation

z Application with multiplicative noises
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Fluid Dynamics

Fluid dynamics is a universal EFT of non-equilibrium many body sys-
tems, including relativistic QCD matter, with a stable equation of state and

• Conservation of energy and momentum: ∂µTµν = 0
• Conservation of charge: ∂µJµ = 0

The dissipation terms are described by

πij = −η
(
∂iuj + ∂jui − 23δij∇ · u

)
− ζδij∇ · u

vµ = −σT∆µν∂ν
(µ
T

) ∆µν = gµν + uµuν

for shear viscosity η, bulk viscosity ζ and charge conductivity σ .
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Fluctuation in Hydro

� In the deterministic hydro equations, no spontaneous fluctuation arise

� The microscopic dynamics entails the occurrence of fluctuations, which
has to persist on the coarse grained hydrodynamic level

Tµν = ε uµuν + p∆µν + πµν + ξµν

Jµ = n uµ + vµ + ξµ

To figure out a low-energy effective hydro theory, need both dissipation
(transport coefficients) and fluctuations (noises)

〈ξµν〉 = 0 〈ξµ〉 = 0〈(ξµν)2〉 6= 0 〈(ξµ)2〉 6= 0
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Stochastic Hydro Encoded in Noises

Firstly, coarse-grained treating for fast modes Ï random noise ξ(x, t)
Secondly, mesoscopic equation of motion in Langevin way for slow vari-

ables Ï ψ(x, t)
Obtaining stochastic hydro equations in terms of ψ = (δn, δε, δπk):

∂δn(x, t)
∂t = w∇i δπi(x, t) + δπi∂in

h + Dσ (x, t)∇2δn(x, t) +√gn · ∇ξn(x, t) +√gε · ∇ξε(x, t)
∂δε(x, t)

∂t = ∇i δπi(x, t) + δπi∂iε
h +√gn · ∇ξn(x, t)

∂δπk(x, t)
∂t = ∂kp + πi∂iπk

h + γs(x, t) (∇2δkj + 13∂k∂j
)
δπ j(x, t) +√gk · ∇ξk(x, t)

h = ε + p w = n
h Dσ ∝ σ γs ∝ η
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MSRJD Field Theory Representation for Langevin Equations

In terms of ψ = (δn, δε, δπq, δπ⊥), the description of field theory write with
auxiliary field ψ̃ as:

〈O[ψ]〉 = ∫
Dψ P[ξ]O[ψ]δ (ψ̇ − V [ψ]− F∇2[ψ]−A 12 · ∇ξ

)
· det

δ
(
ψ̇ − V [ψ]− F∇2[ψ]−A 12 · ∇ξ

)
δψ


= N

∫
DψDψ̃ P[ξ]O[ψ] exp{−ψ̃ (ψ̇ − V [ψ]− F∇2[ψ]−A 12 · ∇ξ

)} + det term

= N′
∫
DψDψ̃ O[ψ] exp{−ψ̃ (ψ̇ − V [ψ]− F∇2[ψ])− ψ̃A∇2ψ̃}︸ ︷︷ ︸

S[ψ,ψ̃], desired effective action

+det term

We get an effective action at low energies and near thermal equilibrium
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Time Reversal and Action Symmetry

T : ψ(T − t) = εψ(t) T : ψ̃(T − t) = εψ̃(T − t) + ε
(
A∇2)−1 (ψ̇ − V [ψ]) ε = ±1

T is the time reversal operation t → T − t

T : S [ψ, ψ̃] + h.c. = −ψ̃(−t) (−ψ̇ + V [ψ]− F∇2[ψ])− ψ̃(−t)A∇2ψ̃(−t)
= −

(
Tψ̃
)(
−ψ̇ + V [ψ]− F∇2[ψ])− (Tψ̃

)
A∇2 (Tψ̃

)
= S

[
ψ, ψ̃

] (−t)− F [ψ]A−1 (ψ̇ − V [ψ]) + h.c.

If requires:
Fα[ψ]A−1

αβ + h.c. = β ∂H∂ψβ

=ÑAαβ = TFα
(
∂H
∂ψβ

)−1 + h.c.
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Statement of Detailed Balance

Fα[ψ]A−1
αβ V β[ψ] + h.c. = βQβγ ∂H

∂ψβ
∂H
∂ψγ

= 0
where V β = Qβγ∂H/∂ψγ and Q is the asymmetric matrix of Poisson bracket as definition.
It is exactly know as the reversible stationary probability current being divergence-free.

The well-known stationary distribution Pst ∝ e−βH(x): �∫ T

0 Fα[ψ]A−1ψ̇α dτ + h.c. = − lnPst(T) + lnPst(0)
Ñ e−S(xT ,T ;x0,0)︸ ︷︷ ︸

w(x0→xT ) ·Pst(x0) = e−S(x0,T ;xT ,0)︸ ︷︷ ︸
w(xT→x0)

·Pst(xT)
ZThe fluctuation paths of the direct dynamics are the reversed of the
relaxation paths in the language of dual dynamics, and vice versa.
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Time Reversed Relaxation Paths Minimize the Effective Action

c.f. (F. Bouchet, J. Laurie and O. Zaboronski, J.
Stat. Phys. 156, (2014) 1066 )

The minimizer of the action from
an attractor of the system to
any point of its basin of attrac-
tion is the reversed of the relax-
ation path.

This is an extended Onsager-
Machlup relation. For time
reversible systems, the most
probable path to reach a state
x (a fluctuation) is the time
reversal of a relaxation path
starting from x (dissipation).

The time reversed relaxation paths also minimizes the action like the
fluctuations. The full action is completed in a conjugated dynamics way.
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Recall of Einstein Relation

Take the Brownian motion ~̇v + γ~v = ~ξ(t) giving
〈vi(t1)vj(t2)〉 = δij

D2γ e−γ|t1−t2|
for t1,2 � γ, where 〈ξi(t1)ξj(t2)〉 = Dδ(t1 − t2).
What determines the noise strength D?

Assume the Brownian particle eventually equilibrates with the fluid at
temperature T = 〈v2(t → ∞)〉 by averaging over ξ

The correlation functions satisfy

D = 2γT
An old fashioned fluctuation-dissipation theorem!

New development of hydrodynamics and its applications in Heavy-Ion Collisions @ Fudan University 9/18



Oct. 31, 2019

Hamiltonian of Fluid

The Hamiltonian ∆H of grand canonical ensemble of fluid system is related
to the pressure via ln Ξ = pV/T = −β∆H.

p(x, t) = p(n(x, t), ε(x, t)) = βε − µ
Tn − s

Energy and particle number defined for arbitrary system:

ε = uµTµνuν and n = Jµuµ

Apply equilibrium EoS: p = p0(ε, n) and s = s0(ε, n)
−β∆H = ∆s = 12 ∂2s

∂n2(δn)2 + ∂2s
∂n∂εδnδε + 12∂2s

∂ε2(δε)2
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A Rigorous Fluctuation-Dissipation Theorem

The matrix of Hamiltonian is expressed as

H =  θnn θnε 0
θnε θεε 00 0 1

hδij



Even though F0 = diag (Dσ , 0, γs), it gives
A0 =AT0 = T

 θnnDσ θnεDσ 0
θnεDσ 0 00 0 γs

h δij


producing off diagonal noise terms, which originate in the coupled thermo-
dynamical relation between ε and n.

E.o.S. is important because the mixed term ∝ εεn = θnε
θnn .
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EFT in Fluid

Let Ψ = (ψ, ψ̃), L = ΨTSΨ and

S = ( 0 ∂
∂t −V−F∇

2
− ∂

∂t −V
† −F†∇2 A∇2

)
with the inverse of the harmonic coupling matrix

S−10 = ( Gψψ Gψψ̃
G†ψψ̃ 0

)
.

Gψψ = Gψψ̃A0k2G†ψψ̃
The leaving interaction terms are

LI = ψ̃VI [ψ] + ψ̃FI∇2[ψ] + ψ̃AI∇2ψ̃ + h.c.
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Multiplicative Noises

Expanding FI [ψ] to triplet fields:

FI =  λ1δn + λ2δε 0 00 0 00 0 λ3δn


AI =  λ1δn + λ2δε εεn (λ1δn + λ2δε) 0
εεn (λ1δn + λ2δε) 0 00 0 λ3δn


Combing the TRS: ψ̃(−t) = εψ̃(−t) + ε

(
A∇2)−1 (ψ̇ − V [ψ]) of detailed balance,

causality and obvious 〈V [ψ]ψ〉 = 0, the FDT manifests as:〈
ψ(t1)A∇2ψ̃(t2)〉 = Θ(t2, t1) 〈ψ(t1) (ψ̇(t2)− V [ψ](t2))〉

Ñ
〈
ψαψ̇β

〉 = 〈ψα (A0)γβ∇2ψ̃γ〉Ñ Gψαψβ = k2
ω (A0)γβ ImGψαψ̃γ

The well known representation of FDT is recovered for constant matrix A0 = 2F0T
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Jacobian Term and the Three Point Correlation

c.f. (Täuber, U. C. Critical dynamics: A Field Theory Approach to Equilibrium and
Non-Equilibrium Scaling Behavior, Cambridge University Press, 2014.)

〈
ψ(x1)AIψ(x2)ψ̃(x2)〉 = 〈ψ(x1)AIψ(x2)ψ̃(x2)〉0 + i

〈
ψ(x1)AIψ(x2)ψ̃(x2)SI〉 + ......
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Feynman Diagrams

Including all the vertex terms of FI , GI and VI = Diag (πq∂xn, πq∂xε, πq∂xπq).
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Corrections of Propagators

For Λ2 < ω < Λ, all one loop contributions are cutoff dependent, which
can be treated as renormalizing transport coefficients.

For ω < Λ2, the nontrivial results represented by I1, J1 and L1,2,3 (seen
details in backup slide). It leaves us
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λ1 ∼ ω 12
k

λ2 ∼ εεn
ω 12
k

λ3 ∼ ω 14
k12

work in progress
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Summary and Outlooks

z Applying the lattice equation of state

z Considering the gradient terms such as n∇2n in the free energy to de-
scribe the effect of phase interface in the liquid-gas phase transition

z Extending such strategy in the non-equilibrium steady state system within
a stable distribution

z Investigating the critical behaviors to the second order hydro fluctuations

Thank You for Your Attention!
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