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Ultra-relativistic heavy ion collisions

cartoon is stolen from Internet MakeAGIF.com

Aim: study quark-gluon plasma (QGP)

Lesson: QGP behaves like a perfect liquid
and hydrodynamics works so well



Huge w and B

cartoon is stolen from Internet MakeAGIF.com

Question: QGP under huge w and/or B ?



Expectation: QGP is polarized

cf. talk by Becattini, Xia, ...

v Magnetic field B effect
Zeeman splitting (Landau quantization)
E—-E—-s-qB

= charge dependent spin polarization

v Rotation w effect

Barnett effect

E—->F—s-w

= charge independent spin polarization




Experimental fact = Observed
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How about theory?

Hydrodynamics for spin polarized QGP?

Far from complete




Hydrodynamics for spin polarized QGP

v “Hydro simulations” exist, but...

- usual hydro (i.e., hydro w/o spin) is solved

- thermal vorticity @*V = o*(u"/T) — 3¥(u*/T) is converted
into spin via Cooper-Frye formula (?7?)

v Formulation of relativistic hydrodynamics with
spin is still under construction



Current status of formulation of spin hydro

v Non-relativistic case

Already established (e.g. micropolar fluid)
- applied to pheno. and is successful

- spin must be dissipative because of mutual
conversion b/w spin and orbital angular momentum

v Relativistic case




Current status of formulation of spin hydro

v Non-relativistic case

Already established (e.g. micropolar fluid)
- applied to pheno. and is successful

- spin must be dissipative because of mutual
conversion b/w spin and orbital angular momentum

v Relativistic case

Some preceding works do exist, but

- only for “ideal” fluid (no dissipative corrections)

- some claim spin should be conserved




Purpose of this talk

v Formulate relativistic spin hydro with 1st
order dissipative corrections for the first time

v' Clarify spin must be dissipative
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Formulation of hydro w/o spin (1/3)
v Many formulations

— v Phenomenological formulation T construction)
Step 1: Write down the conservation law: (0 = GHTW
Step 2: Express T* i.t.0o hydro variables (constitutive relation)

- define hydro variables: {#,u"*} (u?=-1)
- write down all the possible tensor structures of T#Y
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v" Hydrodynamic eq. = conservation law + constitutive relation
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Formulation of hydro w/o spin (2/3)

v Constraints by thermodynamics
Expand T#" i.t.o derivatives

THY = T(’(‘);’ + T(’f)’ + 0(0%) where T(”é; = eutu’ + p(g"*¥ + utuV)

pv w o _
because T MT(O) = (e,p,p,p)

1st law of thermodynamics says
ds = fde, s = (e +p)

With EoM 0 = 9, T#", div. of entropy current S¥ = su# + 0(09) can be evaluated as
0, S* = =Ty 0, (Bu,) + 0(9%)

25t law of thermodynamics says 9,5* > 0, which is guaranteed
as

~Ty0,(Bu,) = in er, A XXy, =0with; >0

ex) heat current:  2a(yY) = hHuY + hVut € T(‘f)’ (u,h* = 0)

= Ty 0, (Buy) = —Bh*(BAL, B~ +uvdut) = 0
= h¥ = —K(ﬁaluﬁ_l + u”@vu“) with x > 0



Formulation of hydro w/o spin (3/3)

v Constitutive relation up to 1st order w/o spin

Ty = eutu’ + p(g"’ + ukuY)

wo_
Ty =




Formulation of hydro w/o spin (3/3)

v Constitutive relation up to 1st order w/o spin

Ty = eutu’ + p(g"’ + ukuY)

wo_
Ty =

v Hydrodynamic equation w/o spin
Hydrodynamic eq. = conservation law + constitutive relation

Euler eq. 0=29,TH TH = Tg,

Navier-Stokes eq. = 9, TH W _ UV | v
1 0=0,T " =Ty + Ty




Formulation of hydro with spin (1/4)

v’ Strategy is the same

v Phenomenological formulation

Step 1: Write down the conservation law

Step 2: Construct a constitutive relation

- define hydro variables
- write down all the possible tensor structures
- simplify the tensor structures by e.g. thermodynamics




Formulation of hydro with spin (2/4)

Step 1: Write down the conservation law

- (1) energy conservation -

0 = 9, TH

(canonical)
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Step 1: Write down the conservation laws

- (1) energy conservation -

0 = 9, TH

(canonical)

— (2) total angular momentum conservation —

0 = g,MH*F P(x) = SCPA 1)
=0, ( + )
=0y ( + )

. aﬂzu,aﬁ — Tap _ Tha




Formulation of hydro with spin (2/4)

Step 1: Write down the conservation laws

- (1) energy conservation -

0 = 9, TH

(canonical)

— (2) total angular momentum conservation —

0 = g,MHF Y(x) = SPAx)
= 0y (L7200
=0y ( + 21000

. aﬂzu,aﬁ — Tap _ Tha

v Spin is not conserved if (canonical) T* has anti-symmetric part T(‘;‘)’

v' There’s no a priori reason (canonical) T*Y must be symmetric



Formulation of hydro with spin (2/4)

Step 1: Write down the conservation laws

- (1) energy conservation - - (2) total angular momentum conservation —
0 = 9, MHF PY(x) = SAP(A")
0 = 9,TH = Ou (A2
(canonical) =0y ( + )
v 8,5heF = Taf _Tha

v Spin is not conserved if (canonical) T* has anti-symmetric part T(‘;‘)’

v' There’s no a priori reason (canonical) T*Y must be symmetric

— Consequence

(1) Spin must not be a hydro mode in a strict sense

(2) Nevertheless, it behaves /ike a hydro mode if T(‘(fl‘)’ !

= inclusion of dissipative nature is crucially important




Formulation of hydro with spin (3/4)

Step 2: Construct a constitutive relation for T+, ywap
— (1) define hydro variables

B, ut}

- (2) simplify the tensor structure by thermodynamics
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Step 2: Construct a constitutive relation for T+, ywap
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v d (ﬁuv) +av IBu v d (,Buv) _av :Bu
g5t = iy BP0 P) s (0,P) 0,

— Zﬁa)w} + 0(0%)




Formulation of hydro with spin (3/4)

Step 2: Construct a constitutive relation for T+, ywap

— (1) define hydro variables

Introduce spin chemical potential {f,u", "'} with w*’ = —w"#
v {B,ut, "} are independent w/ each other at this stage (w*¥ # thermal vorticity)

- (2) simplify the tensor structure by thermodynamics

Expand THv,x#%8 it.o derivatives
TH = eutu” + p(gh +ubuY) + T4 +0(02), =% =uke® +0(a")
where | defined spin density o*#

Generalize 15t law of thermodynamics with spin as
ds = p(de — wy,,do?’), s = (e +p — wy,0"")
With EoMs, div. of entropy current S* = su* + 0(9) can be evaluated as

e 8, (Bu,) ; oy (Buy) o {aﬂwuv) - 0(Buy) Bw,w} - 0(0%)

v’ 2nd Jaw of thermodynamics 9,S* > 0 gives strong constraint on T(‘f)’

v' In global equilibrium 9,5 = 0, so that w = thermal vorticity.




Formulation of hydro with spin (4/4)
v Constitutive relation for 7" up to 15t order with spin —

T(’é) = eutu” + p(g*’ + utu")

uv _
Ty =
2y (0fu”) — 2855 wP?)
“rotational (spinning) viscosity

v' Relativistic generalization of a non-relativistic micropolar fluid

v "boost heat current” is a relativistic effect

v Hydrodynamics equation up to 1st order with spin

T — 15 + 0(02)

0=20 (T(‘g)’ T(’f)/ UCR) dy(uto® ) = (1) (1)
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Linear mode analysis (1/2)

Setup: small perturbations on top of global therm. equilibrium

5B 5B
io,| sur |=M| sur |+0(5%)
Swh’ Swh? o
|:> 0 hydro evolution > dissipate if Imw < 0

B = Bo B =Po+op unstableifimw > 0
ut =(1,0) ut* =(1,0) + sut

propagate ifIimw =0

oV =0 oV =0+ dwH




Linear mode analysis (2/2)

- v Hydro w/o spin {f,u#} —— v Hydro with spin {#, u#, 0"V} -

4 gapless modes

2 sound modes w = *csk + 0(k?)
2
+ 0(k*)

2 shear modes ¢ = —i
e+p

where ¢ = dp/oe




Linear mode
v Hydro w/o spin {B,u*} —

4 gapless modes

2 sound modes w = *csk + 0(k?)
2

2 shear modes ¢ = —i nk

e+p

where ¢? = dp/de

+ 0(kh)

analysis (2/2)
- v Hydro with spin {#, u#, w"*"}
4 gapless modes
2 sound modes w = +c.k + 0(k?)

2
2 shear modes w = —i

0(k*
e+19+ (k)

+ 6 dissipative gapped modes
3 “boost” modes w = —2ityt + 0(k?)

3 “spin” modes w = —2its! + 0(k?)

0 ija ij 9 0 ain
where 7, = 22-/9¢ =99/

Tyw =
4y ’°b 4




Linear mode
v Hydro w/o spin {B,u*} —

4 gapless modes

2 sound modes w = *csk + 0(k?)
k2
+ 0(k*)

2 shear modes = —ij i
e+p

where ¢ = dp/oe

analysis (2/2)

- v Hydro with spin {#, u#, w"*"}
4 gapless modes
2 sound modes w = +c.k + 0(k?)

2
+0(kh)

2 shear modes w = —i
e+p

+ 6 dissipative gapped modes

3 “boost” modes w = —2ityt + 0(k?)

3 “spin” modes w = —2its! + 0(k?)

__ddY/awY 900 /9wt0
where 7, = , Tp =
4y 41

v' We explicitly confirmed that spin is dissipative

v Time-scale of the dissipation is controlled by the new viscous constants y, 4
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Summary

v" Spin polarization in QGP is one of the hottest topics in HIC,
But, its theory, in particular hydrodynamic framework, is still
under construction

v Relativistic spin hydrodynamics with 15t order
dissipative corrections is formulated for the first time
based on the phenomenological entropy-current analysis

v" Spin must be dissipative because of the mutual conversion
between the orbital angular momentum and spin

v' Linear mode analysis of the spin hydrodynamic equation
also suggests that spin must be dissipative, whose time-scale
is controlled by the new viscous constants y, A

Outlook: extension to 2"d order, Kubo formula, MHD,
application to cond-mat, numerical simulations






Linearlized hydro eq.
MaoE =

where
[ Asxs O \
—iw+ (yL + k2 +iD.k, 0 0 0 0 0
—2iv'k, —iw + 2D, 0 0 0 0 0
\V — 0 0 —iw+ (v +v)k2  —iDk, 0 0 0
ST o 0 0 2iv'k, —iw + 2D, 0 0 0
0 0 0 0 —iw + 2D, 0 0
0 0 0 0 0 —iw + 2D, 0
\ 0 0 0 0 0 0 —iw+2D, ]
( —iw + 262 \'E2 ik, —2iDyk, \
Agys = ic?k, —iw + Yy k2 0
\ 2ic2 Nk, 0 —iw + 2D )

5C = (8¢, 87,652, 67", 687 57, 55v7, 557, 65% 657)!



Dispersion relations

o= —2iD,.
o= —2iDyp.

(—2iD, — ink2 + O(k%).

4

y

L2+ O(k2).
| —2iDp — 22N + O(K).




Further simplification by EoM

The 1st order constitutive relation reads

W = —r(Du* + B30T,

()?11';) — 2;3(#1,{-”) + —HV T,u.u _ _2”(_)1;1 “; ) CHA‘LW
(7)?1’;) = 2{}[“34_*”] + M fi"u = _)\( — Dut* + :35)’“’ T — 4w H-y).
M = —2 (O U — 2AH AR,

By using LO hydro eq.,
(e + p)Dut = —rﬂip + O(9?)
we can further simplify A,g as

— )*u |
= —k [ Py 3f)”T+O(d2)] = 0(d?),
e+ p ‘

20/ p i
gt = =\ { I u,,,.-‘ + O(0%).

e+ p



