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Chiral magnetic effect and chiral vortical effect

» Chirality is the same as helicity for massless particles: the sign of the
projection of the spin vector onto the momentum vector (picture from wikipedia)

Right-handed: Left-handed:
. p . p
— —
S S
» Chiral magnetic effect(cME)(Kharzeev, Mclerran, Warringa, Fukushima 2008; Son, Zhitnitsky
2004)
J = B - !
= 0b, 0= 277##57
J = B _ ! 1
5 = 0s5b, 05= ?/‘L» (1)

with B the magnetic field.
» Chiral vortical effect(CVE)(Erdmenger etal 2008; Barnerjee etal 2008, Son, Surowka 2009;
Landsteiner etal 2011)

)= 6B e= s,
K
2 2 TZ
b = &4, 55:%4‘?: ()

with @ the fluid vorticity.
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Rotating fluid vs. rotating frame

» Lorentz force <= Coriolis force in rotating frame

In magnetic field, Lorentz force: In rotating frame, Coriolis force:

F=e(xxB) F = 2¢(k X ) + 0(w?)

» Correspondence: B <— ZGW(Stephanov, Yin 2012)

3 3
Jeme = / (;:))3 Bb-p)f < Jove= / (gﬂi; ZEﬁ(b -p)f, (3)

where b = 585 is the Berry curvature. This (+ antiparticle) indeed

b
] 2lp
gives expected result.

A kinetic theory in general spacetime would be helpful to study
rotating frame and CVE.
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Wigner operator and Horizontal lift

> Wigner operator

Wag(x,p) E/%6_'p‘y/h[¢(x)el/2y‘v]ﬁ[e_l/Qy'Vz/J(x)]a, (4)

where the derivative %u(vu) acting to the left(right). We emphasize that x in
equation (4) is the coordinate of point(P) in curved spacetime, and y is vector
in the tangent space of point P, and p is vector in cotangent space of P.

» Horizontal lifted covariant derivatives (winter. 1985; Calzetta, Habib, Hu. 1988;
Fonarev. 1994)

0 19} i
Vi = DumTy' o5 # Mg ATu+ A (5)
y Pv h
———
connection for spinor
G, = DO I A 6
noo= Cr Y uvy +<9TJV pvPA T = 2 Aps (6)

where D,, is the usual covariant derivative operator, A, is gauge field,
M, = fiwff’oab is spin connection with o5 = 5[7a, v5] and wff’ the vierbein
connection.

» Vierbein: e? = e;'j@“.

5/15



Dynamic equation for Wigner function

» Dirac equation
YAVt = 0 = PV . (7)

» Dynamic equation up to O(h?)

" ih A Us H VA BV
P (Mt S8 W = 54" Rucpo 05 W, 0]

with
h? h2 h2
N = pu— 5 (VoFun )00 + o R0 05 05 pp + - R0y

hz 17 h2 vV QO
Au =Vu— FW\B;\ - E(VPR#V)agap - Q(V,\Rpauu)apap 8F>,‘Pp (9)
12 h?
+ ng’muagagvp + ﬂ(vavﬁ@y + 2RP a1 F,) 05 9505

where R“Vp(, is Riemann curvature and Ry, is Ricci tensor.
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Chiral kinetic theory up to O(h)

P kinetic equation

h ~
0 = §(p%— hF,pxP) [p#A“f, — —— Fun’APf 4+ BAR(Z AV ) }(,10)
p-n N—

spin—curvature coupling

> A=V~ Fuoy;
> n# is a frame choosing vector that satisfies n®> = 1;
> ¥, = 2p%newpgppn" is the spin tensor.

» Current

d*p hp? Bs E¥
= 47r/75(p2— )|:p £ hy V(
v—g(2r)* p-n [ "A\p-n

where E, = n"Fy, and B, = n”l:iw.

- vv) f,} . (11)
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Equilibrium state

We consider the equilibrium distribution f,(g), with g a linear
combination of collisional conserved quantities.

» Conserved quantities are the particle number, the momentum and
the angular momentum

g = aR(X) + /BM(X)pH + hz;u/’ylw (12)

» Equilibrium conditions

Vpbﬂl/ + vVﬁM = ¢(X)gm/a (13)
1

Vv — EVWBV = 0, (14)

VMOKR = Fuuﬁy- (15)

» One can identify ag = Bug and g* = But, where u* is the four velocity
of the volume element.
> For ¢ = constant, we have 8 = Bk, +whx, + ox* .
N—— ~~

rotation expansion
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Abelian gauge field in Minkowski space

> kinetic equation with n* = (1,0,0,0)

R = L (R I CACOR) R

(B~ Vep) - Blp- ¥ b1, (16)

+(E—vep).vp+vx3-vp+2| B

— — 86p .
where €p = po = |p‘ 2\P|2 and v = Tp (Son, Yamamoto. 2013; Hidaka, Pu, Yang. 2017;
Huang, Shi, Jiang, et al. 2018.)

> current

/d3 (1+ ))fr,

2| ?

h h
d®p ( + Exp-— epr)f (17)
/ 2|P|2 2/p 2P
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Rotating fluid in Minkowski space

Oep
op °

> kinetic equation with n* = u# = (1,Q X x) the velocity vector of fluid

Q. hp-Q
oz\@[aer( L 3p)-V}fr, (18)
2lp|  2[p]

» e, =po=|p|landv=
P

with  the angular velocity of fluid and VG = (1 +h%3).
> Single particle EOM

& hQ
\/Gx:%JrfL, VGp =0, (19)
op  |p|

where ép = €p — 2p Q=|p|-3p-Q
» Equilibrium distribution function

h
ff"=fr(u+|p|fp-(9XX)*mp-ﬂ) (20)
» The CVE current (Chen, Son, Stephanov, et al. 2014)
J:/d3p{v7h - xV}f,. (21)
2|p|
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Rotating frame with angular velocity 2

> Metric

go=1—(2xx)?% gi=go=—(2xx), gj=—6;.

g0 =1 g¥=g"=—(2xx), g¥=-6"+(Qxx)"(Qxx).
» Nonzero connections
Moo = [2 x (2 x x)], Moy =T =€a.
» Riemann curvature is identically zero in rotating frame.

Setup
> Momentum
P = —(p1, P2, P3)
» Energy
wp=po=p| - (2xx)-p, p°=g"p,=g%0+g%pi=|pl
» Effective velocity

v—%—L—(QXx)

“op  |pl

(23)

(24)

(25)

(26)

(27)
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Co-rotating observer and Inertial fluid

> Kinetic equation with n* = u* = (1, —(2 x x))*

0 = {Bt—i-v-v—i-pxﬂgp}f,.
> EOM
x = p—(2xx)= %i:
P = pxQ= —% (29)
» Current
P = /d3pf, (30)
J = /d3p(vfr — E X Vfr) (31)
2|p|?
» Equilibrium distribution function
fr = f(n+Ipl) (32)

we find there is no CVE.
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Co-rotating observer and Co-rotating fluid

> kinetic equation with n* = u#* = (1,0,0,0)

0 = {x@@ﬁ—\@[v—i—h(ﬁ— (p'Q)p)} -V+PXQ'§p}fr-(33)

2p| 2lpf?

with v/G = (1+A%7).
» Single particle EOM

Vex = %
o |p|
\/Ep = pxQ

with g = — 2p-Q=|p|—p- (2 xx)— 2p-Q

» Current
p
J = /d3p<vf,f fo,)
2lp|?

» Equilibrium state
eq hA
fe = fr(u+lpl —p- (R xx) = 2P Q),

it induces CVE.

(34)

(35)

(36)
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Co-rotating observer and Co-rotating fluid
One can find the Coriolis force

[p|Xx = 2p x Q.

Redefining the three components momentum k = p — |p| x x
» Kinetic equation with v/G = (1 + h%)

(39)

(40)

A Q (k- Q)k 0
0 = VGoH+VGlk+h(-——— -V + 2k Q-—}f38
{veor e velicen( g5 - )| vk o)
> Single particle EOM
O¢ hQ2
VGs =k =
X ok K’
VGk = 2kxQ,
with & = [k| — B
Compare with magnetic field case
. D€y hB
v G = —
BX ok | 2kp
vV GB'.( = IA(>< B

with /Gg = (1 + ";(I?("';)) and ¢ = k| — 4B

Correspondence: B <> 2[k|Q2.
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Summary and outlook

Summary

» \We have derived the covariant chiral kinetic theory up to O(%) in
curved spacetime.

» We found that the CVE is due to rotating of the fluid in inertial
frame, and a rotating frame itself does not generate the CVE.

» We have derived the correspondence between the magnetic field and
the vorticity.

Outlook
» Quantum correction to the collision term.
» Expanding fluid.

» Spin dynamics.

Thank you!
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